
Macromolecules, 2013, 46, 2425−2432



Synopsis: Glass Transition as the Rheological Inverse of Gelation
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Method of investigation

Synopsis of physics

Continuous relaxation time spectrum

Obtain from 

dynamic data

Model systems

Gelation: Chemically crosslinked polybutadiene 

Glass transition: Colloidal suspension (Siebenburger) 

and small-molecule glass-former (Xu)

De Rosa et al., 

Rheol Acta 1994

Siebenburger et al, 

JOR 2009

Plus other musings on flat 𝑯(𝝉)…
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On the Continuous Relaxation Time Spectrum H(𝜏)
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Problem: Obtaining H(𝝉) from G(t) or 

G*(𝝎) is mathematically ill-posed

Retrieving 𝐻(𝜏) requires an inverse Laplace transform 𝐻 𝜏 =
ℒ−1(𝐺 𝑡 ), which is inherently unstable (small noise in G(t) can 

lead to large differences in 𝐻(𝜏), different G(t) can produce same 

𝐻 𝜏 , etc…). This has led to a number of approximation strategies!

Winter’s approach: Discrete modelling 

approximation
Avoid Ill-posedness of problem by instead assuming 

discrete relaxation modes 
Minimize via criterion

*Can set up method to ‘optimize’ 

M, but doesn’t really matter if M 

is large because it’s then 

‘connected’ to estimate a 

‘continuous spectrum’ 
Baumgaertel and Winter, Rheol Acta

1989 and JNNFM 1992

Def (parsimony): “extreme unwillingness to 

spend money or use resources”
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On the Continuous Relaxation Time Spectrum H(𝜏)

The most standard approach: Tikhonov Regularization (used by TRIOS for eg)

Idea: Minimize the cost function 𝑉 𝜏 which minimizes sq error while narrowing the solutions to smooth data only 

Want to minimize 𝑽 𝝀 = 𝐒𝐪. 𝐄𝐫𝐫𝐨𝐫 𝝆 + 𝝀 ∗ 𝐑𝐨𝐮𝐠𝐡𝐧𝐞𝐬𝐬 (𝜼) (second derivative of H as close to 0)

𝑽 𝝀 = 
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−∞

∞ 𝒅𝟐𝑯(𝝉)

𝒅𝝉𝟐
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“Choose” optimal 

smoothing regularization 

parameter 𝝀 using L curve 

method

𝜆 too small: oscillatory H(𝜏)

𝜆 too large: oversmoothed H(𝜏)

Honerkamp and Weese, Rheol Acta 1993

Shanbhag et al., App Rheol 2013

Forney and Rothman, Proc Roy Soc A 2012
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On the Continuous Relaxation Time Spectrum H(𝜏)

The Baumgaertel-Schausberger-Winter (BSW) 

spectrum is an empirical model spectrum (V 

shape) used generically to capture a transiently 

elastic regime (and a higher-𝜔 mode preceding it) 

Baumgaertel et al., Rheol Acta 1990 
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From Winter’s website

Here it’s used to study flow (𝛼) and 

glassy (𝛽) responses
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Main result

Gel (Figure 1) Glass (Figure 3)

Where 𝑛 = −
2𝛿

𝜋
≈ −0.5

Winter-Chambon

gelation criteria: flat 𝛿

For a critical gel

𝐻 𝜏

𝜏

Cut off at 𝜏𝑚𝑎𝑥

if p < pc

Percolation basics

𝜏

Extent of rxn p

pcrit

𝐻 𝜏

GEL: 휀 = 𝑝 − 𝑝𝑐
GLASS: 휀 = |𝜙 − 𝜙𝑐|/𝜙𝑐

𝜙𝑐 ≈ 0.58 from MCT

Glass analysis

Similar comparisons are 

made with molecular glass-

formers (Fig. 4 and 5) but 

the idea is the same

The analysis excludes 

discussion of 𝛽 relaxation 

(the uptick in 𝐻(𝜏) expected 

at low 𝜏 according to BSW)

Recall: Gel data from 

this system 

(entangled PB)
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Main result: Glass spectrum as inverse of gelation spectrum

Interpretation: “For gels, the slowest relaxation mode is 

weakest, while for glasses the slowest mode dominates”

• Gelation 𝐻(𝜏) dictated by (pre-gel) cluster size distribution 

which is power-law distributed: majority of ‘molecules’ are 

small (and thus relax fast), a few large ‘clusters’ relax slow. 

Could also be from fractal structures of large clusters (also 

exhibits some power-law – see Muthukumar et al).

• Glass 𝐻(𝜏) dictated by onset of caging; relaxation of 

individual species require collective movement to escape 

from cages (ie. Correlation length). Thus 𝐻(𝜏) implies large 

probability of large-scale cooperative motion

Conclusion: Two entirely different relaxation patterns, one for the glass transition and a kind of opposite 

one for gelation, govern the approach of the liquid-to-solid transition from the liquid side (LSTLS).
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My interpretation: All about the relative temporal observation window 

Post-gel 

dynamics 

(transient 

x-link)

Post-gel 

dynamics 

(permanent 

x-link)

Critical gel

Different observation window into the material’s entire relaxation spectrum?

Recall: 

Phase 

diagram
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See also: Similar observations in dynamic scattering simulations
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Chaudhuri, Berthier, Hurtado, Kob. PRE 2010



Last musings on ‘flat’ spectrum
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?

Response doesn’t 

look that weird 

(even though no 

physical situation 

justifies a flat 

spectrum)

What does that look like? Subsequent works

Justification: H 𝜏 itself 

becomes a stretched 

exponential in attractive 

colloids

Zacconne et al., JOR 2014

10



Questions?



Zero shear viscosity
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