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Discussion of “Rutgers-Delaware rule”



σ = σc + K|γ̇|n

Preliminaries

Yield-stress fluid

Herschel-Bulkley model:

Bingham model:

The shear-dependent viscosity of non-Newtonian liquids $::kc , 
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Fig. 2.3. Typical behaviour of a non-Newtonian liquid showing the interrelation between the different 
parameters. The same experimental data are used in each curve. (a) Viscosity versus shear stress. Notice 
how fast the viscosity changes with shear stress in the middle of the graph; (b) Shear stress versus shear 
rate. Notice that, in the middle of the graph, the stress changes very slowly with increasing shear rate. 
The dotted line represents ideal yield-stress (or Bingham plastic) behaviour; (c) Viscosity versus shear 
rate. Notice the wide range of shear rates needed to traverse the entire flow curve. 

than esoteric interest as the range and sophistication of modern constant-stress 
viscometers make it possible to study the very low shear-rate region of the viscosity 
curve with some degree of precision (cf. Barnes and Walters 1985). We simply 
remark here that for dilute solutions and suspensions, there is no doubt that flow 
occurs at the smallest stresses: the liquid surface levels out under gravity and there 
is no yield stress. For more concentrated systems, particularly for such materials as 
gels, lubricating greases, ice cream, margarine and stiff pastes, there is understanda- 
ble doubt as to whether or not a yield stress exists. It is easy to accept that a lump of 
one of these materials will never level out under its own weight. Nevertheless there 
is a growing body of experimental evidence to suggest that even concentrated 
systems flow in the limit of very low stresses. These materials appear not to flow 
merely because the zero shear viscosity is so high. If the viscosity is 10'O~a.s it 
would take years for even the slightest flow to be detected visually! 

The main factor which now enables us to explore with confidence the very low 
shear-rate part of the viscosity curve is the availability, on a commercia] basis, of 

σc

For n = 1, σ = σc + ηpγ̇



γ0: Strain amplitude [γ(t) = γ0cos(ωt)]

γ(t): The “plate strain”

γc: The critical strain

γr(t): The recoverable/elastic strain

Symbols



(0 < n ≤ 1)

σ = Gγr

with γr(t) ≡
� t
0 γ̇(t�)dt�

|γr(t)| = γc

|γr| < γc

|γr| = γc

γ > γc = |γr|

Note: σ is discontinuous at |γr| = γc

σ = Gγc + K|γ̇|n

Below critical yield stress (“Hookean elastic solid”):

Above critical yield stress (“Herschel-Bulkley liquid”):

Doraiswamy model for yield stress fluid

•  

•  



Get θ = cos−1(1− 2γc

γ0
), θ ∈ [0, π]

For γ(t) = γ0cos(ωt),

=⇒ γc − γ0(1− cosθ) = −γc

(θ is independent of ω)

γr(t) = γc +
� t

0
γ̇(t�)dt�

Case: |γ0| > γc

Recoverable strain

Dotted line: Plate strain
Boldface line: Recoverable strain



η�(ω) =
1

πγ0

� 2π/ω

0
σ(t)cos(ωt)dt

η��(ω) =
1

πγ0

� 2π/ω

0
σ(t)sin(ωt)dt

σ(t;ω) = γ0ω[η�(ω)cos(ωt) + η��(ω)sin(ωt)]

|η∗| =
�

η�2 + η��2

γ(t) = γ0sin(ωt) (|γ0|� γc)

Oscillatory Shear

Plan: Calculate complex viscosity and compare with shear viscosity



For ω →∞: |η∗| ≈ K(γ0ω)n−1

≈ Gγc

(γ0ω)

η(γ̇) ≈ Gγc

|γ̇|

η(γ̇) ≈ K|γ̇|n−1

(|γ̇|→ 0)

(|γ̇|→∞)

|η∗|

Oscillatory Shear

For ω → 0:

•  

Asymptotic complex viscosity

•  

Compare with simple shear:

(|γ0|� γc)



η(γ0ω) = |η∗(γ0ω)|

Rutgers-Delaware (RD) rule

For materials with a yield stress and a recoverable strain below 
the yield stress: 
          

[70% by volume, 8u silicon particles in LLDPE, CP25]
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FIG. 1. Theoretical predictions for complex and steady shear viscosities as a function of 
the “effective shear rate” Y,,+J and the steady shear rate p, respectively (parameter values: 

G= 1.5~10~ Pa, K= 1730Pas”, n=0.7, and y,=O.O25). 

The equivalence of the functional dependence of T* ( y,,+) and 7 (p) 
provides an analogy to the empirical Cox-Merz rule (1959) for vis- 
coelastic materials [Doraiswamy et al. (1988)], as follows: For these 

materials with a yield stress value and a recoverable strain, the complex 

viscosity us maximum (or effective) shear rate (y,,,~) curve is identical to 

steady state viscosity us shear rate. The value of this new Cox-Mere 

analogy is that, just as for the original one, simple dynamic measure- 

ments serve to describe the viscosity under all steady flow conditions. The 

slope of the plot is - 1 at low effective shear rates, which corresponds to 

yield stress behavior, whereas at high effective shear rates, the slope is 
n - 1, n being the power law index in the constitutive equation. 

IV. EXPERIMENTS 

The experimental system investigated was a 70 vol % suspension of 
silicon particles (supplied by Globe Metal Co., Beverly, CA) in A-735 

with γ0 nonlinear



Case: |γ0|� γc, 2π/(mωτr)� 1

Case: |γ0|� γc, 2π/(mωτr)� 1

• The RD rule applies to any system whose structural recovery 
time is longer than the period of oscillation. Despite being highly  
nonlinear, the stress response should be sinusoidal over the 
entire frequency range where the RD rule prevails.

• The RD rule breaks down at low frequencies, where significant 
recovery can take place during a cycle. At low frequencies, odd 
harmonics should appear in the stress response, which will 
therefore be non-sinusoidal.

Krieger (1992)

Non-asymptotic, model-dependent !

Assume a structural recovery time       for the material.      is the (odd 
positive integer) order of the harmonic.

τr

Negligible higher harmonic content !

m


