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Examples of percolation 
models

In 2D: "
  bond pc = 0.5
  Site pc = 0.59

In 3D:
  bond pc = 0.25
  site pc = 0.31



RESEARCH GROUPAugust 8, 2017 3!

Size of the system is a critical 
factor in the global behavior.






Order parameter: variable used 
to describe the system. Here 
probability site belongs to a 
percolating cluster P(p)



Universal order parameter:
β = 5/36 



P(p) = (p− pc )β
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Universal order parameter:

β = 5/36 



Universality in percolation 
models:

Interest in gelation: 
mesoscopic behavior of the 
system is independant of 
the microscopic properties 
of its constitutents.



P(p) = (p− pc )β



Percolation and fractals…!

a system near a phase transition depend only on a small number of features, such as
dimensionality and symmetry, and are insensitive to the underlying microscopic proper-
ties of the system. This presentation may seem obscure for non-specialists in phase
transitions, but we shall try to show that this is the origin of a new and unified description
of gelation in terms of what is now known as percolation.

History tells us that the term ‘percolation’ was given by the mathematician J.M.
Hammersley (1957) to a statistical geometric model which reminded him of the passage
of a fluid through a network of channels in which of the channels, randomly distributed,
were blocked. A sketch of the percolation transitions through a porous medium, in this
case using a traditional Italian espresso pot, is shown in Figure 3.3.

The percolation path allows the liquid to flow through the medium. Another analogy is
provided by the electric circuit represented by a square lattice of interconnections, where
electric current circulates between two electrodes connected to a voltage source; see
Figure 3.4. The interconnections are cut randomly. The current decreases until a critical
fraction of bonds is cut and then the current vanishes. Of course, when the current stops
circulating not all bonds have been cut, but there is no connected path between the two
electrodes below a critical fraction of bonds. This critical fraction depends on the type of
network. The transition from conducting to non-conducting network can be extremely
sharp when the lattice is very large, i.e. when the L, the distance between the electrodes, is
very large compared to a segment a; the mathematical limit is L/a>> 1.

In the limit of an infinitely large system, the critical value of the fraction of bonds is
also sharply defined. For small lattices, of ‘finite size’, the threshold is distributed around
the critical value. When the analogy between percolation and a physical phenomenon is
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Figure 3.3 Percolation transition in a porous medium, some passages being blocked. The connectivity
between the two sides of the porous medium is achieved by a single path via which water
can flow.
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Fractals and Percolation, Figure 1
Square lattice of size 20 ! 20. Sites have been randomly occupied with probability p (p D 0:20, 0.59, 0.80). Sites belonging to finite
clusters are marked by full circles, while sites on the infinite cluster are marked by open circles

Fractals and Percolation, Figure 2
Invasion percolation through porous media

forest fires [52,60,64,71], with the infection probability re-
placed by the probability that a burning tree can ignite its
nearest-neighbor trees in the next time step. In addition
to these simple examples, percolation concepts have been
found useful for describing a large number of disordered
systems in physics and chemistry.

The first study introducing the concept of percolation
is attributable to Flory and Stockmayer about 65 years
ago, when studying the gelation process [32]. The name
percolation was proposed by Broadbent and Hammers-
ley in 1957 when they were studying the spreading of
fluids in random media [15]. They also introduced rele-
vant geometrical and probabilistic concepts. The develop-
ments of phase transition theory in the following years,
in particular the series expansion method by Domb [27]
and renormalization group theory by Wilson, Fisher and
Kadanoff [51,65], very much stimulated research activities
into the geometric percolation transition.

At the percolation threshold, the conducting (as well as
insulating) clusters are self-similar (see Fig. 3) and, there-
fore, can be described by fractal geometry [53], where vari-
ous fractal dimensions are introduced to quantify the clus-
ters and their physical properties.

Fractals and Percolation, Figure 3
Self-similarity of the random percolation cluster at the critical
concentration; courtesy of M. Meyer

Percolation

As above (see Sect. “Introduction”), consider a square lat-
tice, where each site is occupied randomly with probabil-
ity p (see Fig. 1). For simplicity, let us assume that the oc-
cupied sites are electrical conductors and the empty sites
represent insulators. At low concentration p, the occupied
sites either are isolated or form small clusters (Fig. 1a).
Two occupied sites belong to the same cluster if they are
connected by a path of nearest-neighbor occupied sites
and a current can flow between them.When p is increased,
the average size of the clusters increases. At a critical con-
centration pc (also called the percolation threshold), a large
cluster appears which connects opposite edges of the lat-
tice (Fig. 1). This cluster is called the infinite cluster, since
its size diverges when the size of the lattice is increased to
infinity. When p is increased further, the density of the in-
finite cluster increases, since more and more sites become
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part of the infinite cluster, and the average size of the finite
clusters decreases (Fig. 1c).

The percolation threshold separates two different
phases and, therefore, the percolation transition is a ge-
ometrical phase transition, which is characterized by the
geometric features of large clusters in the neighborhood
of pc. At low values of p, only small clusters of occupied
sites exist. When the concentration p is increased, the av-
erage size of the clusters increases. At the critical concen-
tration pc, a large cluster appears which connects opposite
edges of the lattice. Accordingly, the average size of the fi-
nite clusters which do not belong to the infinite cluster de-
creases. At p D 1, trivially, all sites belong to the infinite
cluster.

Similar to site percolation, it is possible to consider
bond percolation when the bonds between sites are ran-
domly occupied. An example of bond percolation in
physics is a random resistor network, where the metallic
wires in a regular network are cut at random. If sites are
occupied with probability p and bonds are occupied with
probability q, we speak of site-bond percolation. Two occu-
pied sites belong to the same cluster if they are connected
by a path of nearest-neighbor occupied sites with occupied
bonds in between.

The definitions of site and bond percolation on
a square lattice can easily be generalized to any lattice
in d-dimensions. In general, in a given lattice, a bond has
more nearest neighbors than a site. Thus, large clusters of
bonds can be formed more effectively than large clusters
of sites, and therefore, on a given lattice, the percolation
threshold for bonds is smaller than the percolation thresh-
old for sites (see Table 1).

A natural example of percolation, is continuum per-
colation, where the positions of the two components of

Fractals and Percolation, Table 1
Percolation thresholds for the Cayley tree and several two- and
three-dimensional lattices (see Refs. [8,14,41,64,75] and refer-
ences therein)

Lattice
Percolation of
Sites Bonds

Triangular 1/2 2 sin(!/18)
Square 0.5927460 1/2
Honeycomb 0.6962 1 ! 2 sin(!/18)
Face Centered Cubic 0.198 0.119
Body Centered Cubic 0.245 0.1803
Simple Cubic (1stnn) 0.31161 0.248814
Simple Cubic (2ndnn) 0.137 –
Simple Cubic (3rdnn) 0.097 –
Cayley Tree 1/(z ! 1) 1/(z ! 1)

Fractals and Percolation, Figure 4
Continuum percolation: Swiss cheese model

a random mixture are not restricted to the discrete sites
of a regular lattice [9,73]. As a simple example, consider
a sheet of conductivematerial, with circular holes punched
randomly in it (Swiss cheese model, see Fig. 4). The rele-
vant quantity now is the fraction p of remaining conduc-
tive material.

Hopping Percolation

Above, we have discussed traditional percolation with only
two values of local conductivities, 0 and 1 (insulator–
conductor) or 1 and 1 (superconductor–normal conduc-
tor). However, quantum systems should be treated by hop-
ping conductivity, which can be described by an expo-
nential function representing the local conductivities (be-
tween ith and jth sites): !i j ! exp(""xi j). Here " can be
interpreted as the dimensionless mean hopping distance
or as the degree of disorder (the smaller the density of the
deposited grains, the larger " becomes), and xij is a ran-
dom number taken from a uniform distribution in the
range (0,1) [70].

In contrast to the traditional bond (or site) percolation
model, in which the system is either a metal or an insula-
tor, in the hopping percolation model the system always
conducts some current. However, there are two regimes
of such percolation [70]. A regime with many conduct-
ing paths which is not sensitive to the removal of a single
bond (weak disorder L/"" > 1, where L is size of the sys-
tem and # is percolation critical exponent) and a regime
with a single or only a few dominating conducting paths
which is very sensitive to the removal of a specific single
bond with the highest current (strong disorder L/"" # 1).
In the strong disorder regime, the trajectories along which
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Fractals and Percolation, Figure 5
A color density plot of the current distribution in a bond-perco-
lating lattice for which voltage is applied in the vertical direction
for strong disorderwith! D 10. The current between the sites is
shown by the different colors (orange corresponds to the high-
est value, green to the lowest). a The location of the resistor, on
which the value of the local current is maximal, is shown by a cir-
cle. b The current distribution after removing the above resistor.
This removal results in a significant change of the current trajec-
tories

the highest current flows (analogous to the spanning clus-
ter at criticality in the traditional percolation network, see
Fig. 5) can be distinguished and a single bond can deter-
mine the transport properties of the entire macroscopic
system.

Percolation as a Critical Phenomenon

In percolation, the concentration p of occupied sites plays
the same role as temperature in thermal phase transitions.
The percolation transition is a geometrical phase transi-
tion where the critical concentration pc separates a phase
of finite clusters (p < pc) from a phase where an infinite
cluster is present (p > pc).

An important quantity is the probability P1 that a site
(or a bond) belongs to the infinite cluster. For p < pc, only
finite clusters exist, and P1 D 0. For p > pc, P1 increases
with p by a power law

P1 ! (p " pc)ˇ : (1)

P1 can be identified as the order parameter similar to
magnetization, m(T) ! (Tc " T)ˇ , in magnetic materials.
With decreasing temperature, T, more elementary mag-
netic moments (spins) become aligned in the same direc-
tion, and the system becomes more ordered.

The linear size of the finite clusters, below and above
pc, is characterized by correlation length ! . Correlation
length is defined as themean distance between two sites on
the same finite cluster. When p approaches pc, ! increases
as

! ! jp " pcj!! ; (2)

with the same exponent " below and above the threshold.
The mean number of sites (mass) of a finite cluster also
diverges,

S ! jp " pcj!" ; (3)

again with the same exponent # above and below pc. Anal-
ogous to S in magnetic systems is the susceptibility $ (see
Fig. 6 and Table 2).

The exponents ˇ, ", and # describe the critical be-
havior of typical quantities associated with the percolation
transition, and are called critical exponents. The exponents
are universal and do not depend on the structural details
of the lattice (e. g., square or triangular) nor on the type of
percolation (site, bond, or continuum), but depend only
on the dimension d of the lattice.

Fractals and Percolation, Figure 6
P1 and S compared with magnetizationM and susceptibility"

Fractals and Percolation, Table 2
Exact and best estimate values for the critical exponents for per-
colation (see Refs. [8,14,41,64] and references therein)

Percolation d D 2 d D 3 d " 6
Order parameter P1: ˇ 5/36 0:417 ˙ 0:003 1
Correlation length # : ! 4/3 0:875 ˙ 0:008 1/2
Mean cluster size S: " 43/18 1:795 ˙ 0:005 1

P1 : probability that a site belongs to the infinite cluster.

⇠ : correlation length: mean distance between two cites on a finite cluster

S : mean number of sites (mass) of a finite cluster

P1 ⇠ (p� pc)
�

⇠ ⇠ |p� pc|�⌫

S ⇠ |p� pc|��
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shown by the different colors (orange corresponds to the high-
est value, green to the lowest). a The location of the resistor, on
which the value of the local current is maximal, is shown by a cir-
cle. b The current distribution after removing the above resistor.
This removal results in a significant change of the current trajec-
tories

the highest current flows (analogous to the spanning clus-
ter at criticality in the traditional percolation network, see
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P1 can be identified as the order parameter similar to
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Fractals in nature and art…!

“A book is a mirror: if 
an ape looks into it an 
apostle is hardly likely 
to look out.”!

Georg Christoph 
Lichtenberg !

(1742 –1799) !

“A gel paper is a mirror: if a 
“Bavand” looks into it an 
apostle is hardly likely to 
look out.”!



Fractals in the language of mathematics…!

Benoit B.�Mandelbrot�!
(1924 –2010)!

fc(z) = z2 + c
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This universality property is a general feature of phase
transitions, where the order parameter vanishes continu-
ously at the critical point (second order phase transition).

In Table 2, the values of the critical exponents ˇ, !,
and " for percolation in two, three, and six dimensions.
The exponents considered here describe the geometri-
cal properties of the percolation transition. The physi-
cal properties associated with this transition also show
power-law behavior near pc and are characterized by criti-
cal exponents. Examples include the conductivity in a ran-
dom resistor or random superconducting network and the
spreading velocity of an epidemic disease near the criti-
cal infection probability. It is believed that the “dynamical”
exponents cannot be generally related to the geometric ex-
ponents discussed above.

Note that all quantities described above are defined in
the thermodynamic limit of large systems. In a finite sys-
tem, for example, P1, is not strictly zero below pc.

PercolationClusters as Fractals

As first noticed by Stanley [66], the structure of percola-
tion clusters (when the length scale is smaller than #) can
be well described by the fractal concept [53]. Fractal ge-
ometry is a mathematical tool for dealing with complex
structures that have no characteristic length scale. Scale-
invariant systems are usually characterized by noninteger
(“fractal”) dimensions. This terminology is associatedwith
B. Mandelbrot [53] (though some notion of noninteger
dimensions and several basic properties of fractal objects
were studied earlier by G. Cantor, G. Peano, D. Hilbert,
H. von Koch, W. Sierpinski, G. Julia, F. Hausdorff, C. F.
Gauss, and A. Dürer).

Fractal Dimension df
In regular systems (with uniform density) such as long
wires, large thin plates, or large filled cubes, the dimen-
sion d characterizes how the mass M(L) changes with the
linear size L of the system. If we consider a smaller part of
a system of linear size bL (b < 1), thenM(bL) is decreased
by a factor of bd , i. e.,

M(bL) D bdM(L) : (4)

The solution of the functional Eq. (4) is simply M(L) D
ALd . For a long wire, mass changes linearly with b, i. e.,
d D 1. For the thin plates, we obtain d D 2, and for cubes
d D 3; see Fig. 7.

Mandelbrot coined the name “fractal dimension”, and
those objects described by a fractal dimension are called

Fractals and Percolation, Figure 7
Examples of regular systems with dimensions d D 1, d D 2, and
d D 3

fractals. Thus, to include fractal structures, (4) we can gen-
eralize

M(bL) D bd f M(L) ; (5)

and

M(L) D ALd f ; (6)

where df is the fractal dimension and can be a noninteger.
Below, we present two examples of dealing with df : (i) the
deterministic Sierpinski Gasket and (ii) random percola-
tion clusters and criticality.

Sierpinski Gasket This fractal is generated by dividing
a full triangle into four smaller triangles and removing the
central triangle (see Fig. 8). In subsequent iterations, this
procedure is repeated by dividing each of the remaining
triangles into four smaller triangles and removing the cen-
tral triangles. To obtain the fractal dimension, we consider

Fractals and Percolation, Figure 8
2D Sierpinski gasket. Generation and self-similarity

The Mandelbrot 
set is the set of 
complex numbers 
c for which the 
function f does not 
diverge when 
iterated from z=0.!

M(bL) = bdM(L) ! M(L) ⇠ ALd
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Simple synthetic fractals: Sierpinski gasket!

M(bL) = bdf M(L) ! M(L) ⇠ ALdf
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P1 : probability that a site belongs to the infinite cluster.

⇠ : correlation length: mean distance between two cites on a finite cluster

S : mean number of sites (mass) of a finite cluster

P1 ⇠ (p� pc)
�

⇠ ⇠ |p� pc|�⌫

S ⇠ |p� pc|��
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Fractals and Percolation, Figure 5
A color density plot of the current distribution in a bond-perco-
lating lattice for which voltage is applied in the vertical direction
for strong disorderwith! D 10. The current between the sites is
shown by the different colors (orange corresponds to the high-
est value, green to the lowest). a The location of the resistor, on
which the value of the local current is maximal, is shown by a cir-
cle. b The current distribution after removing the above resistor.
This removal results in a significant change of the current trajec-
tories

the highest current flows (analogous to the spanning clus-
ter at criticality in the traditional percolation network, see
Fig. 5) can be distinguished and a single bond can deter-
mine the transport properties of the entire macroscopic
system.

Percolation as a Critical Phenomenon

In percolation, the concentration p of occupied sites plays
the same role as temperature in thermal phase transitions.
The percolation transition is a geometrical phase transi-
tion where the critical concentration pc separates a phase
of finite clusters (p < pc) from a phase where an infinite
cluster is present (p > pc).

An important quantity is the probability P1 that a site
(or a bond) belongs to the infinite cluster. For p < pc, only
finite clusters exist, and P1 D 0. For p > pc, P1 increases
with p by a power law

P1 ! (p " pc)ˇ : (1)

P1 can be identified as the order parameter similar to
magnetization, m(T) ! (Tc " T)ˇ , in magnetic materials.
With decreasing temperature, T, more elementary mag-
netic moments (spins) become aligned in the same direc-
tion, and the system becomes more ordered.

The linear size of the finite clusters, below and above
pc, is characterized by correlation length ! . Correlation
length is defined as themean distance between two sites on
the same finite cluster. When p approaches pc, ! increases
as

! ! jp " pcj!! ; (2)

with the same exponent " below and above the threshold.
The mean number of sites (mass) of a finite cluster also
diverges,

S ! jp " pcj!" ; (3)

again with the same exponent # above and below pc. Anal-
ogous to S in magnetic systems is the susceptibility $ (see
Fig. 6 and Table 2).

The exponents ˇ, ", and # describe the critical be-
havior of typical quantities associated with the percolation
transition, and are called critical exponents. The exponents
are universal and do not depend on the structural details
of the lattice (e. g., square or triangular) nor on the type of
percolation (site, bond, or continuum), but depend only
on the dimension d of the lattice.

Fractals and Percolation, Figure 6
P1 and S compared with magnetizationM and susceptibility"

Fractals and Percolation, Table 2
Exact and best estimate values for the critical exponents for per-
colation (see Refs. [8,14,41,64] and references therein)

Percolation d D 2 d D 3 d " 6
Order parameter P1: ˇ 5/36 0:417 ˙ 0:003 1
Correlation length # : ! 4/3 0:875 ˙ 0:008 1/2
Mean cluster size S: " 43/18 1:795 ˙ 0:005 1
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Fractals and Percolation, Figure 1
Square lattice of size 20 ! 20. Sites have been randomly occupied with probability p (p D 0:20, 0.59, 0.80). Sites belonging to finite
clusters are marked by full circles, while sites on the infinite cluster are marked by open circles

Fractals and Percolation, Figure 2
Invasion percolation through porous media

forest fires [52,60,64,71], with the infection probability re-
placed by the probability that a burning tree can ignite its
nearest-neighbor trees in the next time step. In addition
to these simple examples, percolation concepts have been
found useful for describing a large number of disordered
systems in physics and chemistry.

The first study introducing the concept of percolation
is attributable to Flory and Stockmayer about 65 years
ago, when studying the gelation process [32]. The name
percolation was proposed by Broadbent and Hammers-
ley in 1957 when they were studying the spreading of
fluids in random media [15]. They also introduced rele-
vant geometrical and probabilistic concepts. The develop-
ments of phase transition theory in the following years,
in particular the series expansion method by Domb [27]
and renormalization group theory by Wilson, Fisher and
Kadanoff [51,65], very much stimulated research activities
into the geometric percolation transition.

At the percolation threshold, the conducting (as well as
insulating) clusters are self-similar (see Fig. 3) and, there-
fore, can be described by fractal geometry [53], where vari-
ous fractal dimensions are introduced to quantify the clus-
ters and their physical properties.

Fractals and Percolation, Figure 3
Self-similarity of the random percolation cluster at the critical
concentration; courtesy of M. Meyer

Percolation

As above (see Sect. “Introduction”), consider a square lat-
tice, where each site is occupied randomly with probabil-
ity p (see Fig. 1). For simplicity, let us assume that the oc-
cupied sites are electrical conductors and the empty sites
represent insulators. At low concentration p, the occupied
sites either are isolated or form small clusters (Fig. 1a).
Two occupied sites belong to the same cluster if they are
connected by a path of nearest-neighbor occupied sites
and a current can flow between them.When p is increased,
the average size of the clusters increases. At a critical con-
centration pc (also called the percolation threshold), a large
cluster appears which connects opposite edges of the lat-
tice (Fig. 1). This cluster is called the infinite cluster, since
its size diverges when the size of the lattice is increased to
infinity. When p is increased further, the density of the in-
finite cluster increases, since more and more sites become
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the mass of the gasket within a linear size L and compare it
with the mass within 1

2L. Since M( 12L) D 1
3M(L), we have

d f D log 3/ log 2 Š 1:585.

Percolation Fractal

We assume that at pc (! D 1) the clusters are fractals.
Thus for p > pc, we expect length scales smaller than !

to have critical properties and therefore a fractal structure.
For length scales larger than ! , one expects a homogeneous
system which is composed of many unit cells of size ! :

M(r) "
(
rd f ; r # ! ;

rd ; r $ ! :
(7)

For a demonstration of this feature see Fig. 9.
One can relate the fractal dimension df of percolation

clusters to the exponents ˇ and ". The probability that an
arbitrary site within a circle of radius r smaller than ! be-
longs to the infinite cluster, is the ratio between the num-
ber of sites on the infinite cluster and the total number of
sites,

P1 " rd f /rd ; r < ! : (8)

This equation is certainly correct for r D a! , where a
is an arbitrary constant smaller than 1. Substituting r D
a! in (8) yields P1 " !d f /!d . Both sides are powers of
p % pc. Substituting Eqs. (1) and (2) into the latter one
obtains [8,28,41,49,64],

d f D d % ˇ/" : (9)

Thus, the fractal dimension of the infinite cluster at
pc is not a new independent exponent but depends on ˇ

and ". Since ˇ and " are universal exponents, df is also
universal.

Fractals and Percolation, Figure 9
Lattice composed of Sierpinski gasket cells of size !

Shortest Path Dimensions, dmin and d`

The fractal dimension, however, is not sufficient to fully
characterize a percolation cluster, since two clusters with
very different topologies may have the same fractal dimen-
sion df . As an additional characterization of a fractal, one
can consider, e. g., the shortest path between two arbitrary
sites A and B on the cluster (see Figs. 10, 11) [3,16,35,
42,55,58].

The structure formed by the sites of this path is
also self-similar and is described by a fractal dimension
dmin [46,67]. Accordingly, the length ` of the path, which
is often called the “chemical distance”, scales with the “Eu-

Fractals and Percolation, Figure 10
Shortest path between two sites A and B on a percolation cluster

Fractals and Percolation, Figure 11
Percolation systemat critical concentration in a 510!510square
lattice. The finite clusters are in yellow. Substructures of the infi-
nite percolation cluster are shown in different colors: the short-
est path between two points at opposite sites of the system is
shown in white, the single connected sites (“red” sites) in red,
the loops in blue and the dangling ends in green; courtesy of
S. Schwarzer

M(r) ⇠ rdf , r ⌧ ⇠

M(r) ⇠ rd, r � ⇠

Stanley, H. Eugene. "Cluster shapes at the percolation threshold: and effective cluster dimensionality and its connection 
with critical-point exponents." Journal of Physics A: Mathematical and General 10.11 (1977): L211.!

df = d� �/⌫
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perimeter of the image (which would construct a 
polygon having different side lengths), or a hybrid of 
the two methods (10). Approximation of a digitized 
image by using a fixed step length versus a fixed 
number of pixels is illustrated schematically in Fig. 4. 
While each technique potentially yields slightly differ- 
ent values for the calculated fractal dimension, each is 
effective in assessing differences among samples, as 
long as the same method is applied to each specimen. 
The possibility of real-world samples having more than 
one fractal dimension--for  example a higher fractal 
dimension and thus more roughness at longer length 
scales--was predicted by Kaye (2) and reported by 
Graf for lunar dust (13). Such a phenomenon might be 
expected if clusters were formed by the sintering of 
fairly smooth spheres (i.e. bunches of grapes), which 
would show extensive ruggedness for the entire com- 
plex, but smoothness at length scales well below the 
size of individual particles. Of course, applicable length 
scales in micrographs are governed by the resolution 
limits of the technique used to obtain the image. 
Fractal analysis of the silhouettes of food particles has 

been reported with applications to the morphology of 
popcorn (14) and instant coffee (15). The latter work 
showed different fractal dimensions existing for differ- 
ent particle sizes, and particularly, relative smoothness 
for the smallest particles. A normalization process in 
which micrographs are enlarged so that images are of 
the same size--with equivalent Feret diameter (long- 
est axis of the image), for example-- is  inherent in this 
technique (8, 9, 15). 
The fractal dimension of a particle has potential 
practical significance in terms of its mechanical stability 
and, in particular, its fragility during processing. In fact, 
limitations in the published values of fractal dimensions 
of particle silhouettes (which did not exceed 1.35) were 
reported by Peleg and Normand (16). Since increasing 
fractal dimension indicates increasing tortuosity of the 
surface--by protuberances or porosi ty-- i t  is logical 
that highly irregular structures are particularly 
vulnerable to attrition during handling and that 
mechanical stability may impose a maximum value for 
the irregularity of the particle shape. A relationship 
between degree of attrition and fractal dimension was 

| q  ' 

i 

r-; , "! 

,r 

\..'~ 

Fig. 2 Electron micrograph of instant coffee agglomerate, illustrating a rugged and non-Euclidean particle shape. (From Peleg 
and Normand, Journal of Food Science, 50, 831. With permission) 
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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Foods and fractals…!

Barrett, Ann H., and Micha Peleg. "Applications of fractal analysis to food 
structure." LWT-Food Science and Technology 28.6 (1995): 553-563.!



“Casein (/�ke�s.�n/ or /�ke��si�n/, from Latin 
caseus, "cheese") is the name for a family of 
related phosphoproteins (�S1, �S2, �, 
�). These proteins are commonly found in 
mammalian milk, making up 80% of the 
proteins in cow's milk and between 20% 
and 45% of the proteins in human milk.”   
Wikipedia.!

Caseins!





MICROSTRUCTURE OF YOGHURT 

Fig . 9 . SEM of yoghurt made from unheated (a and 
b) and heated skim milk (c and d) . In yoghurt made 
from unheated skim milk the casein micelles are in 
the form of coarse clusters (a) which results in 
large compartments (cells) in the matrix (shown at 

Fig . 10 . A schematic diagram comparing th e micro-
structure of yoghurt made from heated milk (a) 
composed of small compa r tments formed by single 
branched chains of casein micelles and the micro-
s t.ructure of a yoghurt made from unheated milk 
(b) composed of large compartments formed by 
clustered casein micelles . Firmer immobi li za tion 
of the liquid phasD is experienced with (a) than 
with (b) . 
Reproduced by permission h·om the Jou rna 1 of 
Texture Studies 12 . 

a la.ver magnification in b). In yoghurt made from 
heated skim milk the casein micelles are in the 
form of chai ns (c) and this results in smaller 
compartments i."l the matrix (d) . 

milk (Fig. 3b). This wa s also confinned by SEM z3 : 
detail s of casein micelle aggregation are shown in 
Figs. 9a and c and the organization of the matrices 
is presented at a lower magnification in Figs. 9b 
and d. On the basis of sim ilar micrographs a model 
(Fig. 10) of the different matrices had been de-
signed earlier 1 z . In the diagram in Fig . 10 , the 
same number of casein micelles is shown in sections 
of a fine network (a) and a coarse network (b) . The 
liquid phase (whey) wa s immobilized in the fine 
matrix which consi sted of small compartmen ts but 
the whey separated more easily from larger compart-
ments in the coarse matrix . Susceptibility to 
syneresis in both yoghurts was measu r ed by the 
vo 1 ume of whey separa ted from the milk. ge 1 s by 
centrifugat ion at sever al different centri fug al 
forces for 10 min 13 d 4 11) and by draining 
the yoghurts for up to l h 8 (Fig . 12). It i s 
evident from these me asurements that yoghu rts made 
from unheated milk were considerably more susceptible 
to the sep aration of whey than yoghurts made from 
heated milk . Tarodo de l a Fuente and Alais 45 ex-
pl ained that hea ting increased so lvati on of casein 
micelles and that after heating to go oc for 2 min 
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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Casein particle/micelle structure!

2 Different protocols for preparation: !
!
Type 1: casein dispersion at pH 4.6 and T=4 C. Warm up to 
T=30 C!

T around 4 C, higher voluminosity! T=30 C, lower voluminosity!



MICROSTRUCTURE OF YOGHURT 

Fig . 9 . SEM of yoghurt made from unheated (a and 
b) and heated skim milk (c and d) . In yoghurt made 
from unheated skim milk the casein micelles are in 
the form of coarse clusters (a) which results in 
large compartments (cells) in the matrix (shown at 

Fig . 10 . A schematic diagram comparing th e micro-
structure of yoghurt made from heated milk (a) 
composed of small compa r tments formed by single 
branched chains of casein micelles and the micro-
s t.ructure of a yoghurt made from unheated milk 
(b) composed of large compartments formed by 
clustered casein micelles . Firmer immobi li za tion 
of the liquid phasD is experienced with (a) than 
with (b) . 
Reproduced by permission h·om the Jou rna 1 of 
Texture Studies 12 . 

a la.ver magnification in b). In yoghurt made from 
heated skim milk the casein micelles are in the 
form of chai ns (c) and this results in smaller 
compartments i."l the matrix (d) . 

milk (Fig. 3b). This wa s also confinned by SEM z3 : 
detail s of casein micelle aggregation are shown in 
Figs. 9a and c and the organization of the matrices 
is presented at a lower magnification in Figs. 9b 
and d. On the basis of sim ilar micrographs a model 
(Fig. 10) of the different matrices had been de-
signed earlier 1 z . In the diagram in Fig . 10 , the 
same number of casein micelles is shown in sections 
of a fine network (a) and a coarse network (b) . The 
liquid phase (whey) wa s immobilized in the fine 
matrix which consi sted of small compartmen ts but 
the whey separated more easily from larger compart-
ments in the coarse matrix . Susceptibility to 
syneresis in both yoghurts was measu r ed by the 
vo 1 ume of whey separa ted from the milk. ge 1 s by 
centrifugat ion at sever al different centri fug al 
forces for 10 min 13 d 4 11) and by draining 
the yoghurts for up to l h 8 (Fig . 12). It i s 
evident from these me asurements that yoghu rts made 
from unheated milk were considerably more susceptible 
to the sep aration of whey than yoghurts made from 
heated milk . Tarodo de l a Fuente and Alais 45 ex-
pl ained that hea ting increased so lvati on of casein 
micelles and that after heating to go oc for 2 min 
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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Casein particle/micelle structure!

2 Different protocols for preparation: !
!
Type 2: casein dispersion at pH 6.7 and T=30 C. Add GDL!
Bring pH to 4.6 (isoelectric point)!

T =30 C, no stretching of the strands!
Glucono delta-lactone (GDL), also known as 

gluconolactone!



Sample preparation (@ T=35°C)!

4 % !
sodium !

caseinate!

1 % !
Glucono-δ-lactone!

(GDL)!

+!

Gelation kinetics (@ T=20°C)!
Slow hydrolysis of GDL into gluconic acid!

Isoelectric point pH~4.6!

Casein Solution!

aggregation!

gel!

See also: Roefs & Van Vliet, Coll. Surf. 40, 161 (1990)!
        Lucey & Singh, Food. Res. Int. 7, 529 (1998)!

!Moschakis et al., J. Colloid Interface Sci. 345, 278 (2010)!

Gelation!

  5µm

  20µm



Experimental Challenges!
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 

560 

Collection of aggregated fractal clusters!

N = na�2�2/(3�D)
t G = NC

@2A

@a2

@A is the change in Gibbs energy of a single particle

@a is the change in the size of a single particle

C ' a

26

is a characteristic length set by the network geometry

@2A

@a2
= ⇡aE

E : the Young’s modulus of the casein particles

G =
n⇡

26
E�2/(3�D)



lwt/vol. 28 (1995) No. 6 

The fractal dimension of the surface of perfectly 
smooth particles is theoretically 2, yielding the relation- 
ship previously given (S ~ d-l). Most naturally occur- 
ring particles have fractal dimensions between 2 and 3. 
The fractal dimension of extremely convoluted parti- 
cles approaches the theoretical limit of 3, in which case 
the powder surface area becomes almost independent 
of diameter. 
Determination of the specific area of a powder typically 
involves adsorption of an inert gas and calculation of 
surface area by the BET equation. This method yields 
calculation of fractal dimension when applied to 
different size fractions of the material. Fractal dimen- 
sion is obtained from a plot of log(S) vs. log(d), and 

D = 3 + (A log(S)/A log(d)) Eqn [9] 

(the slope, log( S)/log( d), is negative). The same tech- 
nique can be employed using constant particle size but 
gas molecules of different sizes (i.e. by adsorbing a 
series of gases such as nitrogen, krypton, benzene, and 
argon (37))--which is analogous to the compass 
method employed with images. However, the former 
method is frequently used due to the ease with which 
particles of different size fractions can be obtained by 
sieving (4). 
For food-related materials, surface area measurements 
have been used to determine the fractal dimensions of: 
potato starch granules (37); wheat flour, corn fiber, and 
milled rice (38,39); instant milk (38); and crab and 
shrimp chitosan (40). Measured fractal dimensions 
have also been related to processing procedures: Suzuki 
and Yano (38) found differences in the fractal dimen- 
sions of powdered milk obtained from different manu- 
facturers and that the brand with the highest fractal 
dimension had the fastest dissolution rate; Piscitelle et 
al. (40) reported that chitosan source and milling 
temperature affected measured fractal dimensions. 
Catalytic reactivity is an additional property that can 
strongly depend on the surface features of particles; 
Farin and Avnir (41) characterized the 'reaction' 
dimension of catalysts by determining the dependence 
of reactivity on particle diameter, a procedure analo- 
gous to fractal analysis of surfaces. 
A complicating factor in fractal analysis of powders 
based upon a range of size fractions is the possible 
nonuniformity of particle size (existence of a size 
distribution) within individual fractions. For example, 
in sieving the mean of the upper and lower sieve 
openings is assigned to each fraction as a single particle 
size for construction of the Richardson plot; in practice, 
however, each fraction contains a distribution of 
particle sizes. PisciteUe and Segars (42) showed that 
nonuniformity of such size can result in a considerable 
overestimate of fractal dimension (and demonstrated 
this effect by calculating a fractal dimension of 2.3 for 
perfectly spherical particles with a wide size distribu- 
tion). These authors also proposed a correction proce- 
dure based on the standard deviation of the size 
distribution within each sieve range. Obviously, errors 
in the apparent fractal dimension and the apparent size 
of sieved particles can also be caused by adherence of 

fines to the surface of larger particles, a common 
occurrence in ground material, in systems containing 
flow conditioners (43), or in mixtures of powders 
(44). 

Structures in liquid systems 

Just as fractal images can be created from self-similar 
geometric subsets, the association of individual parti- 
cles can build highly convoluted, space-filling struc- 
tures. In foods, a primary example is the network of 
interconnected protein aggregates in solution, which 
when continuous forms a gel (illustrated schematically 
in Fig. 10). The connected protein strands of a gel 
entrap and immobilize large volumes of water. Such a 
structure can vary greatly in terms of tightness of the 
network and pore size, which are attributes that depend 
on both the material type and the gelation conditions. 
Gel structure can in turn determine various textural 
properties in foods, such as elasticity, deformability and 
mechanical strength. 
Different fractal analysis procedures have been used to 
characterize aggregate structures and also to describe 
aggregation mechanisms. Light scattering experiments 
have been used to measure the fractal dimensions of 

Fig. 10 Schematic of a casein gel network, showing intercon- 
nected protein strands. (From Bremer et al., Colloids and 
Surfaces, 51, 163. With permission) 
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