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a b s t r a c t 

In many large-scale industrial applications dealing with particle-laden viscoelastic fluids, the ensemble-averaged 

behavior of the mixture is of most interest. The first step to parametrize this behavior is to develop an accurate ex- 

pression to rapidly evaluate the drag coefficient over a broad range of kinematic parameters. The drag coefficient 

of a spherical particle translating in a viscoelastic matrix is strongly affected by the viscoelasticity of the fluid. In 

this study, we aim to parametrize the effects of fluid elasticity, especially the relaxation and retardation times, 

as well as inertia on the drag coefficient of a sphere translating in a viscoelastic fluid described by the Oldroyd-B 

model. To this end, we employed three-dimensional direct numerical simulations of viscoelastic flow past a sta- 

tionary sphere. The accuracy of the numerical formulation is thoroughly tested against a number of benchmark 

problems consisting of steady flow past a sphere in a bounded circular or square domain filled with either a 

Newtonian or viscoelastic fluid. Initially, the numerical computations for the drag coefficient over a wide range 

of geometric and flow parameters are validated by comparison with existing data and drag correction models 

from the literature. The drag coefficient correction is then evaluated for unconfined flow past a sphere at different 

Reynolds number, Re , over a wide range of Deborah number, De < 9, and polymer viscosity ratio, 0 < 𝜁 < 1. 

For small Deborah number ( De < 1), the drag coefficient decreases with respect to the Stokes drag coefficient, 

whereas, at large Deborah number ( De > 1), the drag is enhanced due to the large elastic stresses that develop 

on both the surface and wake of the sphere. These canonical behaviors, observed in the inertia-less flow regime 

( Re ≤ 1) are amplified as the polymer viscosity ratio approaches unity. At higher Reynolds numbers ( Re > 1), 

the drag coefficient correction arising from viscoelasticity is found to be always bigger than unity, but smaller 

than the enhancement calculated in the creeping flow limit. In this regime, the formation of an axisymmetric 

recirculating eddy expands the wake region behind the sphere, and shifts the maximum elastic stresses away 

from the rear stagnation point towards the flow separation points. Motivated by the self-similarity observed at 

Re < 1, we propose an approximate model for the viscoelastic drag coefficient based on rational functions, using 

the lowest possible degree of polynomial functions required to fit the computational data with 95% accuracy, for 

De ≤ 5 and 0 < 𝜁 < 1. This expression is a key step towards formulating a momentum-exchange model for the 

flow of dilute suspensions of solid particles in a viscoelastic matrix. 
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. Introduction 

The flow of particle-laden complex fluids is an ubiquitous prob-

em in many advanced manufacturing and industrial operations, e.g.,

olymer processing of highly-filled viscoelastic polymer melts and

lastomers [1] , processing of semi-solid conductive flow battery slur-

ies [2] , cementing and hydraulic fracturing operations using solids-

lled muds and slurries [3,4] , as well as in biological applications,

.g., the flow-induced migration of circulating cancer cells in biopoly-

eric media such as blood [5,6] . In a multiphase fluid, the pres-

nce of a dispersed cloud of particles hydrodynamically changes the
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ransmission of stress by the bulk fluid, and the rate at which the

ixture constituents exchange momentum [7,8] . As a result of the time-

arying and nonlinear response of such fluids to external loads, e.g.,

hearing forces or imposed torques, their behavior is broadly catego-

ized as non-Newtonian [9,10] . When the particles are suspended in

 viscoelastic fluid matrix (e.g. a polymer solution or polymer melt),

he problem becomes even more challenging, because the base fluid it-

elf may shear thin or thicken as well as exhibit elasticity and yield

tress attributes [11,12] . Characterizing the rheophysics and dynamics

f such complex fluids, under different flow conditions, will facilitate

nhanced understanding about the industrial manufacturing processes
ovember 2019 
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isted above, and, ultimately, lead to optimized operations and product

ompetitiveness. 

Over the last five decades, particle dynamics in viscoelastic fluids

ave been extensively studied both experimentally (e.g., see [13,14] )

nd numerically (e.g., see [6,15–18] ). The interplay of multiple physical

ariables and flow parameters introduces many challenges and remark-

bly expands the dimensionality of the parameter space of the underly-

ng material system to be explored [19] . Therefore, when dealing with

omplex fluid/solid multiphase systems, the availability of reliable and

obust simulation tools can play a major role in virtually exploring and

nderstanding that parameter space. With the ever-increasing comput-

ng power available, the development of accurate computational tools

nhances our abilities to simulate such material system behaviors, by

ncorporating the effects of particle migration, nonlinear material rhe-

logy, fluid inertia, elasticity, flow-unsteadiness and many-body interac-

ions [19] , in addition to the consideration of complex multi-connected

nd evolving computational domains. 

Several particle-level simulation methods, e.g., Stokesian Dynamics,

iscrete Particle Dynamics and Lattice Boltzmann techniques, have been

roposed and successfully tested to simulate the flow of complex flu-

ds, see for example the recent review by Maxey [20] . These particle-

ased numerical simulation approaches require considerable computing

ower [21] , and are not, by any means, practical for large-scale indus-

rial applications, e.g. hydraulic fracturing. In a typical hydraulic frac-

uring operation, hundreds of millions of sand particles, or ”diverter ”,

re dispersed in a viscoelastic matrix [3,4,22] . Most field operators

ould like to understand the particle transport almost in real-time, to be

ble to tune the fracturing fluid properties on-the-fly to meet the desired

esign for fractures; please refer to [23–25] for more information on

article transport in hydraulic fracturing. Another important example is

ell drilling, where fast simulations of the transport of large-sized drill

uttings, in the horizontal well-bore annulus, by the viscoelastic drilling

uid would have engineering relevance and great economical impacts

n the design (see [26] for more details). In these large-scale industrial

pplications, it is the bulk or ensemble-averaged behavior of the mixture

hat is mostly required, for which upscaled three-dimensional numerical

odels, based on the Eulerian-Lagrangian multiphase (e.g., CFD-DEM)

ormulations, have been employed and shown to be promising candi-

ates for fast predictive simulations [27,28] . 

The CFD-DEM formulations integrate the presence of multiple non-

rownian particles, the discrete material phase, that are embedded in

 fluid treated as a continuous medium. In brief, the continuity, mo-

entum and constitutive rheological equations are first solved for the

iscoelastic continuum phase, and a momentum-exchange model is then

sed to couple the constituent phases. For detailed implementation of

he Eulerian-Lagrangian multiphase formulations see the review by Za-

ari et al. [29] . To achieve the required closure for the equation set

hat arises in this computational framework, several effective consti-

utive laws for drag, lift and hindrance (i.e. the effect of neighboring

articles and walls) are needed, in order to account for the transport

f the discrete phase. These laws have been comprehensively devel-

ped for spherical particles in Newtonian fluid matrices [30,31] , but

re presently missing in the literature for cases in which the suspend-

ng fluid is viscoelastic in character. The lack of these closure models,

hus, presently limits the application of CFD-DEM formulations only to

uspensions in viscous Newtonian fluids. As a result, in many studies of

article dynamics within viscoelastic fluids, researchers have resorted

o CFD-DEM formulations which are limited to Newtonian fluids only,

ee for example Wu and Sharma [32] . To properly extend these formu-

ations to viscoelastic fluid-based suspensions, as a first step, one needs

n accurate expression that can be rapidly evaluated for the drag coef-

cient of a rigid particle translating in a viscoelastic fluid, over a broad

ange of kinematic conditions. It is this challenge that is tackled in this

tudy. 

For the inertia-less steady-state translation, at speed U , of a single

phere of radius a , in a viscoelastic fluid characterized by a relaxation
ime 𝜆, it is well documented that the drag coefficient of the particle

ecreases at low levels of fluid elasticity, corresponding to small Debo-

ah number ( 𝐷𝑒 = 

𝜆𝑈 

𝑎 
≪ 1 ), whereas at large Deborah number, De > 1,

he drag is enhanced due to the large elastic stresses developing on both

he surface and wake of the sphere [33–35] . The literature on the sub-

ect is large (see the book by Chhabra [9] ) and begins with the perturba-

ion solution given by Leslie and Tanner [36] , which predicts the initial

second order) decrease in the drag coefficient, C D ( De ). However, due to

trong interactions of the fluid viscoelasticity and the complex kinemat-

cs of the mixed shearing and extensional flow around the sphere, an

xact solution (or even an approximate analytical expression) for this

roblem, which performs well over a wide range of parameters (e.g.,

olymer viscosity ratio and Deborah number), is still missing in the lit-

rature, to the best of the authors’ knowledge. 

Accordingly, the present study is undertaken to achieve two goals.

irst, we use three-dimensional direct numerical simulations to develop

n approximate model for the drag coefficient of neutrally-buoyant

pherical particles suspended in viscoelastic fluids. As a first-order ap-

roach to integrate the effect of fluid elasticity on the drag coefficient,

e employ the Oldroyd-B constitutive model [37] to characterize the

iscoelastic continuous phase. This fluid model is especially relevant for

nderstanding dilute polymer solutions, which are effectively obtained

y dissolving small amounts of high molecular weight polymer in a very

iscous Newtonian solvent. For the constitutive model studied here no

egative wake behind the sphere is observed, because to predict nega-

ive wakes one needs to consider constitutive models that account for

hear thinning behavior along with strong extensional elasticity. How-

ver, in an earlier study [21] , we have investigated the role of variations

n fluid rheology on the wake structure behind spheres settling in com-

lex fluids. Selecting the Oldroyd-B constitutive model in this study also

imits the dimensionality of the viscoelastic fluid calculation to two de-

rees of freedom: (i) the relaxation time, and (ii) the retardation time

or equivalently the solvent/polymer viscosity ratio). Secondly, we ex-

mine the effect of particle inertia on the drag force in the presence of

lasticity to investigate whether or not the proposed approximate model

or the inertia-less flow regimes ( Re < 1) is also valid for higher Reynolds

umber flows. 

The paper is organized in the following manner: in Section 2 we

resent the governing equations for the viscoelastic fluid and the nu-

erical methods that are employed in this work. In Section 3 we bench-

ark the numerical methods employed against a number of case studies

nvolving Newtonian or viscoelastic flows past a single sphere, under

ifferent flow conditions, considering wall effects as well as different

hapes for the container (circular or square duct). In Section 4 an ap-

roximate model for the drag coefficient is proposed for a sphere trans-

ating in an Oldroyd-B fluid, and the additional effect of inertia on the

rag coefficient is examined. Finally, in Section 5 , the main conclusions

f the work are summarized. 

. Governing equations and numerical method 

.1. Governing equations 

Polymer molecules dissolved in a fluid matrix, within which a par-

icle is immersed, actively contribute to the momentum exchange be-

ween the constituents, through the development of viscoelastic stresses.

ne of the simplest microstructural approaches to describe the flexi-

le polymer behavior in dilute polymer solutions is the linear elastic

ookean dumbbell model [38] . Although this has served as an impor-

ant computational benchmark [39] , the physical and computational

imitations of this model are well-known (e.g. on a microscopic level

t unrealistically implies that polymers can be infinitely stretched). The

enefits of using a dumbbell model with finite extensibility, e.g the

initely Extensible Nonlinear Elastic (FENE) model, to perform com-

utations of high Deborah number flows and more realistically capture

he extent of the drag increase observed experimentally, have been ex-
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ensively discussed [9,35] . However, this consideration increases the

imensionality of the problem to be parameterized computationally.

herefore, as a first step, we consider the canonical problem of a dilute

uspension of Hookean dumbbells, which corresponds to the familiar

ldroyd-B constitutive model [37] , and represents an elastic fluid with

 constant shear viscosity. Such fluids, also known as Boger fluids [40] ,

an be prepared by dissolving a small amount of polymers in a highly

iscous solvent. The resulting solutions are strongly viscoelastic but free

f inertial and shear-thinning artifacts [40] . 

By adopting the Oldroyd-B model, we confine the dimensionality of

he viscoelastic fluid calculations to only two degrees of freedom (i.e.

he relaxation and retardation times), at least for low and intermediate

e flows. Within this constraints, the drag correction expression devel-

ped in this study will form a foundation for higher-dimensional pa-

ameterizations, and would basically form a canonical model for future

xtensions considering the effect of other fluid behaviors on the drag

oefficient (e.g. variations in the mobility parameter, when consider-

ng the stress quadratic nonlinearity within the Giesekus model, or the

xtensibility parameter, when considering the FENE-P model) in order

o represent more realistic viscoelastic fluid responses at very high De .

hese extensions would allow for a better characterization of the drag

oefficient evolution that depends on the detail of the fluid rheology

e.g. see Fig. 4 of [40] ), but would enlarge the parameter space to be

xplored, and require a new set of considerable computational explo-

ations, which could be perused in future studies. 

The conservation equations governing transient, incompressible and

sothermal laminar flow of an Oldroyd-B fluid are given by, 

 ⋅ u = 0 , (1)(
𝜕 u 

𝜕𝑡 
+ u ⋅ ∇ u 

)
− ∇ ⋅

( 

( 𝜂𝑆 + 𝜂𝑃 )∇ u 

) 

= −∇ 𝑝 − ∇ ⋅ ( 𝜂𝑃 ∇ u ) + ∇ ⋅ τ𝑃 , (2)

𝑃 + 𝜆

( 

𝜕 τ𝑃 
𝜕𝑡 

+ u ⋅ ∇ τ𝑃 − τ𝑃 ⋅ ∇ u − (∇ u ) 𝑇 ⋅ τ𝑃 
) 

= 𝜂𝑃 
(
∇ u + (∇ u ) 𝑇 

)
, (3)

here u is the velocity vector, t is the time, p is the pressure, τ𝑃 denotes

he polymeric contribution to the extra-stress tensor, 𝜌 is the fluid den-

ity, 𝜂S is the solvent viscosity, 𝜂P is the polymeric viscosity and 𝜆 is the

olymer relaxation time scale. 

Eq. (1) represents the continuity equation, and Eq. (2) describes

he momentum balance. The extra-stress tensor ( τ) is split into solvent,

𝑆 and polymeric, τ𝑃 , contributions, such that τ = τ𝑆 + τ𝑃 , with τ𝑆 =
𝑆 

(
∇ u + (∇ u ) 𝑇 

)
. The divergence of τ𝑆 appears in Eq. (2) as a diffusive

erm ∇ ⋅
(
𝜂𝑆 ∇ u 

)
to be computed implicitly (notice that ∇ ⋅

(
𝜂𝑆 (∇ u ) 𝑇 

)
=

 for an incompressible fluid), while the divergence of τ𝑃 is computed

xplicitly. A standard approach to avoid numerical difficulties, which

rises when simulating viscoelastic fluid flows, is to add a stabilizing

iffusive term ∇ ⋅
(
𝜂𝑃 ∇ u 

)
to both sides of Eq. (2) , one computed implic-

tly (LHS) and the other explicitly (RHS), a technique known as both-

ides diffusion (BSD) [41] . In this work, we employ a strategy similar

o the BSD, the improved BSD (iBSD) approach, which was proposed by

ernandes et al. [42] to promote the coupling between the velocity and

tress fields. 

The governing equation for the polymeric component of the extra-

tress tensor ( τ𝑃 ) is given by Eq. (3) . Since the Oldroyd-B model com-

rises two linearly additive contributions to the stress (arising from the

issolved polymer molecules and the Newtonian solvent, respectively)

 characteristic viscosity ratio can be defined, 𝜁 = 𝜂𝑃 ∕( 𝜂𝑆 + 𝜂𝑃 ) = 𝜂𝑃 ∕ 𝜂0 .
his is known as the retardation ratio, where 𝜂0 is the total viscosity in

he limit of vanishing shear rate. The retardation time of the fluid [43] is

hen defined as 𝜆2 = 𝜆(1 − 𝜁 ) . 
To nondimensionalize the system of equations, Eqs. (1) –(3) , the fol-

owing dimensionless quantities are defined, 

̃ = 

𝑥 

𝐿 

, �̃� = 

u 

𝑈 

, 𝑡 = 

𝑈 

𝐿 

𝑡, �̃� = 

𝐿 

𝜂0 𝑈 

𝑝, τ̃𝑃 = 

𝐿 

𝜂0 𝑈 

τ𝑃 . (4)

ere, L and U refer to the characteristic values of length and velocity,

espectively. The dimensionless equations can be readily obtained as, 
 ⋅ �̃� = 0 , (5)

𝑒 𝑎 

( 

𝜕 ̃𝐮 
𝜕 ̃𝑡 

+ ̃𝐮 ⋅ ∇ ̃𝐮 
) 

− ∇ 

2 �̃� = −∇ ̃𝑝 − 𝜁∇ ⋅ ∇ ̃𝐮 + ∇ ⋅ τ̃𝑃 , (6)

̃ 𝑃 + 𝐷𝑒 

( 

𝜕 ̃τ𝑃 

𝜕 ̃𝑡 
+ ̃𝐮 ⋅ ∇ ̃τ𝑃 − ̃τ𝑃 ⋅ ∇ ̃𝐮 − ∇ ̃𝐮 𝑇 ⋅ τ̃𝑃 

) 

= 𝜁
(
∇ ̃𝐮 + ∇ ̃𝐮 𝑇 

)
. (7)

For the present problem with 𝐿 = 𝑎 , where a is the sphere radius, we

efine Reynolds and Deborah numbers as follows 

𝑒 = 2 𝑅𝑒 𝑎 = 

2 𝑎𝜌𝑈 

𝜂0 
, (8) 

𝑒 = 

𝜆𝑈 

𝑎 
, (9)

here U is the sphere terminal velocity used as the characteristic veloc-

ty, and, accordingly, a / U becomes the characteristic time. 

.2. Numerical method 

The equations presented in Section 2.1 are discretized using the

nite-volume method (FVM) implemented within the context of the

penFOAM 

R ○ framework [44] . OpenFOAM 

R ○ uses a collocated method,

n which all variables are stored at cell centers, and is capable of han-

ling unstructured meshes, comprising tetrahedral and polyhedral cells.

In this work, the pressure-velocity coupling is accomplished using

 segregated approach, in which the continuity equation is used to

evelop an equation for the pressure using Rhie-Chow interpolation

45,46] . The resulting equation set is solved by an iterative procedure

ith under-relaxation, following the SIMPLE algorithm [47] . In this al-

orithm the solution is obtained by iteratively solving the momentum

quations and a pressure-correction equation, while accounting for the

ffects of the pressure field on the momentum equations through a cor-

ection to the velocity field. The coupling between stress and velocity

elds is established using a special second-order derivative of the veloc-

ty field in the explicit diffusive term added by the iBSD technique [42] .

he velocity gradient is calculated using a second-order accurate least-

quares approach, and the diffusive term in the momentum balance is

iscretized using a second-order accurate linear interpolation. For non-

rthogonal cells a correction is applied, as explained in [48] , in order

o retain second-order accuracy. The advective terms in the momen-

um and constitutive equations are discretized using the high-resolution

cheme MINMOD [49] , and the time derivatives are discretized with

he first-order implicit Euler scheme, because we are only seeking for

teady-state solutions, and the time evolution is used only for relaxation

urposes. Here, a Poisson-type equation for the pressure field is solved

ith a conjugate gradient method with Cholesky preconditioner, and

he linear systems of equations for the velocity and stress are solved

sing BiCGstab with an Incomplete Lower-Upper (ILU) precondition-

ng [50–52] . The absolute tolerance for the pressure, velocity and stress

elds was set as 10 −20 . For the steady-state computations, to control the

tability of the variables evolution in successive iterations, the under-

elaxation technique is applied with a value of 0.3 for the pressure and

tress, and 0.7 for velocity [42] . The simulations were terminated when

he drag coefficient ceased to vary in the fourth decimal place. 

. Model validation 

The choices of the constitutive model for the viscoelastic fluid, and

he numerical method used to approximate the solution in the chosen

eometry (containing weak singularities such as stagnation points) are

xamined in this section. Fig. 1 illustrates schematically the computa-

ional domains (including both square and circular outer ducts), which

re used here to simulate the steady-state flow of bounded viscoelastic

uids around a sphere. The boundary conditions applied for each spe-

ific case study are discussed later in this section. For this geometry,

he development of steep stress gradients close to the stagnation points

akes the problem computationally challenging or stiff [53] . Therefore,
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Fig. 1. Schematic illustration of the computational domains (square and cir- 

cular ducts) used to simulate the steady-state Newtonian and viscoelastic fluid 

flows past a sphere. 
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e pay close attention to the convergence of the nonlinear evolution and

vershoot in the axial component of the polymeric extra-stress ( τ𝑃 ,𝑥𝑥 ) in

he wake of the sphere near the rear stagnation point. In this region, the

uid kinematics switch rapidly from shearing-dominated to extensional-

ominated, and this is known to be the limiting factor for all numerical

alculations, even when using sufficiently refined meshes, or high-order

iscretization and stabilization methods [54] . The numerical model em-

loyed in this work was comprehensively tested against this computa-

ional challenge (see e.g., [42] for the flow past a confined cylinder in

 fluid described by the Upper Convected Maxwell (UCM) constitutive

odel). Here, we limit the discussion and model validation up to the

imiting Deborah number at which converged steady-state results can

e obtained. 

In the following, we first check the mesh independency of the pre-

ictions, and then test the model against the benchmark problems of

ewtonian and viscoelastic fluid flow past a sphere. To this end, we

ompute the drag coefficient, 𝐶 𝐷 = 

2 𝐹 𝐷 
𝜌𝑈 2 𝐴 

, where the drag force, F D , is

alculated using the integration of the total stress, τ + τ , and pres-
𝑃 𝑆 

ig. 2. An illustration of the mesh generated by the SnappyHexMesh utility on the 

n the far upstream and downstream flow regions is used, which is refined towards 

atisfactorily resolve the steep gradients in the polymeric extra-stress in the boundary
ure field, p , on the surface of the sphere. This reads as, 

 𝐷 = 

2 
𝜌𝑈 

2 𝐴 

∫𝛿Ω𝑠 

( τ𝑃 + τ𝑆 − 𝑝 𝑰 ) . 𝒏 . 𝒆 𝑥 𝑑𝑆, (10)

here 𝜌 is the fluid density, A is the projected area of the sphere translat-

ng with a constant velocity U along the duct center-line, I is the identity

ensor, n is the unit normal vector to the sphere surface S , and e x is the

nit vector parallel to the flow direction. 

.1. Mesh independency studies 

In this section, we investigate the quality of the mesh used to dis-

retize the computational domains shown in Fig. 1 . An illustration of

he base mesh is shown in Fig. 2 for the 𝑥 − 𝑦 plane cutting through the

enter of the sphere. All the meshes for this study were generated using

he SnappyHexMesh utility from the OpenFOAM computational library,

hich provides hexahedral cells in all regions except in a narrow region

lose to the sphere where the hexahedral cells meet the refined bound-

ry cells and create polyhedral cells, see the zoomed section in Fig. 2 .

e use a relatively coarse mesh in the far upstream and downstream

ow regions, refine the mesh towards the surface of the sphere in seven

teps, as shown in Fig. 2 , and extend the mesh refinement in the wake

f the sphere along the axis of symmetry (x axis), to satisfactorily re-

olve the steep polymeric extra-stress gradients in the boundary layers

ear the surface of the sphere and the wake, thus enabling us to obtain

onverged results in high Deborah number flows. 

We tested several square duct and circular duct domain sizes and

eshes with varying lengths and degrees of refinement, respectively,

o remove residual effects of discretization and in/outlet boundary con-

itions. The domain size in the flow direction, L x , is much larger than

ther dimensions to ensure that the flow approaching the sphere is fully

eveloped, and allow enough space for the polymeric stresses that de-

elop in the wake of the sphere to be relaxed before reaching the outlet

f the computational domain. To investigate the effect of domain size in

he flow direction, x , we ran a range of simulations in the creeping flow

egime ( Re ≪ 1) with 0 ≤ De ≤ 5 and 𝐿 𝑥 = { 100 𝑎, 120 𝑎, 140 𝑎, 160 𝑎, 180 𝑎 } ,
nd found that the components of the solvent and polymeric extra-

tress tensor only varied by 3.5% from 𝐿 𝑥 = 140 𝑎 to 𝐿 𝑥 = 180 𝑎, and

y less than 1% from 𝐿 = 160 𝑎 to 𝐿 = 180 𝑎 . Thus, unless otherwise
𝑥 𝑥 

𝑥 − 𝑦 plane cutting through the center of the sphere. A relatively coarse mesh 

the surface of the sphere in seven steps and extended for the wake region, to 

 layers that form near the surface of the sphere and the wake. 
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Table 1 

Numerical results obtained for wall correction factors, f w , in square and circular ducts at different 

levels of fluid inertia and confinement ratios. To obtain the wall correction factors, the calculated 

drag coefficient is simply normalized by 𝐶 0 
𝐷 

. For 𝑅𝑒 = 100 , the value of 𝐶 0 
𝐷 

deviates from 24/ Re , and 

is obtained from literature, see for example [9,55,56] . 

Wall correction factor, f w 

Square duct with 2 𝑎 
𝐻 

Circular duct with 𝑎 
𝑅 

Re 𝐶 0 
𝐷 

0.5 0.25 0.125 0.05 0.5 0.25 0.125 0.05 

0.010 2400.0 4.5034 1.8182 1.3054 1.1034 5.9475 1.9693 1.3388 1.1151 

0.100 240.00 4.5036 1.8183 1.3056 1.1034 5.9478 1.9695 1.3389 1.1151 

1.000 24.000 4.5061 1.8247 1.3266 1.1651 5.9523 1.9697 1.3655 1.1721 

100.0 1.0700 1.7810 1.1839 1.0277 1.0131 2.1869 1.2166 1.0324 1.0178 
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(  
tated, we kept 𝐿 𝑥 = 180 𝑎 (with discretization size Δ𝑥 = 0 . 5 𝑎 in the far

p/downstream regions) in all simulations. 

The mesh refinement in the gradient and vorticity directions was

lso checked. The results obtained using Δ𝑦 = Δ𝑧 = 0 . 5 𝑎 in the far

p/downstream regions along with applying the seven step refinement,

s shown in Fig 2 , are found to become independent of mesh resolution

ven for the smallest confinement ratio considered in this study. The

bove-configured scheme creates a mesh with approximately 2.5 M ele-

ents and the radial thickness of the smallest element at the surface of

he sphere was 𝑟 min = 0 . 001 𝑎 . 
Note that in the simulations of bounded domains, the base mesh is

lso refined in three steps towards the bounding walls to satisfactorily

apture the wall effects. For the case of an effectively unbounded do-

ain ( 𝐿 𝑥 = 180 𝑎 and 𝐿 𝑧 = 𝐿 𝑦 = 𝐻 = 40 𝑎 with periodic boundary condi-

ions imposed on the lateral boundaries) two additional steps of mesh

efinement in the wake of the sphere along the axis of symmetry are

pplied. These levels of mesh resolution allowed us to assure that the

olymeric extra-stress and its gradients near the stagnation points are

ully resolved (within the range of De studied in this work), and that

he polymeric extra-stress is fully relaxed far before reaching the out-

et of the computational domain. All simulations are conducted using a

xed time step of Δ𝑡 ∕ 𝜆 = 2 . 5 × 10 −7 assuring our computations are fully

ndependent of the time-step discretization [21] . 

.2. Newtonian fluids 

We start with Newtonian fluids ( 𝐷𝑒 = 0 ) as the first validation test for

ur numerical approach. The drag force exerted on a sphere in bounded

nd unbounded Newtonian fluid domains under different flow regimes is

ell-studied [30] . A theoretical expression for drag force, F D , for an un-

ounded sphere in creeping flow regime was obtained by Stokes [9] as 

 𝐷 = 

1 
2 
𝐶 

0 
𝐷 
𝜌𝑈 

2 𝐴 = 6 𝜋𝑎𝜂0 𝑈, (11) 

here 𝐶 

0 
𝐷 
= 24∕ 𝑅𝑒 refers to the drag coefficient of a sphere, with diam-

ter 𝐷 = 2 𝑎 and cross-sectional area A, translating in the creeping flow

egime with a constant velocity U along the duct center-line. Eq. (11) can

e theoretically corrected for a sphere located on the center-line of a cir-

ular duct, with a / R ≤ 0.5, using the Faxén correction [35] , 

 𝐷 = 𝑓 𝑤 

(
𝑎 

𝑅 

)
6 𝜋𝑎𝜂0 𝑈, (12) 

here 

 𝑤 

(
𝑎 

𝑅 

)
= 

( 

1 − 2 . 10444 
(
𝑎 

𝑅 

)
+ 2 . 08877 

(
𝑎 

𝑅 

)3 
− 0 . 94813 

(
𝑎 

𝑅 

)5 

− 1 . 372 
(
𝑎 

𝑅 

)6 
+ 3 . 87 

(
𝑎 

𝑅 

)8 
− 4 . 19 

(
𝑎 

𝑅 

)10 
+ …

) −1 
. (13) 

Eq. (11) has also been empirically corrected in a similar manner for

 sphere confined in a square duct with aspect ratio 0 ≤ 2 a / H < 0.15

57] , using a wall correction factor given by 

 𝑤 

(2 𝑎 ) = 1 + 2 . 50 
( 2 𝑎 )

. (14) 

𝐻 𝐻 
We carry out calculations for the dimensionless drag coefficient us-

ng Eq. (10) (with τ𝑝 = 0 ) for different Reynolds numbers ranging from

.01 to 100 and confinement ratio ranging from 0.05 to 0.5, in both

quare and circular ducts. Fixed velocity, u = ( 𝑈, 0 , 0) , and zero pres-

ure gradient, 𝛁 𝑝 = 0 , boundary conditions are applied on the inlet, Ωin ,

nd wall boundaries, Ωw . On the outlet and sphere surfaces, we applied

 u |𝛿Ω𝑜𝑢𝑡 
= 0 , 𝑝 |𝛿Ω𝑜𝑢𝑡 

= 𝑃 𝑟𝑒𝑓 = 0 , and u |𝛿Ω𝑠 
= (0 , 0 , 0) , 𝛁 𝑝 |𝛿Ω𝑠 

= 0 , respec-

ively. 

The numerical results obtained for the wall correction factor are

isted in Table 1 . At low Reynolds number, e.g. 𝑅𝑒 = 0 . 01 , and con-

nement ratio 𝑎 ∕ 𝑅 = 0 . 5 within a circular duct, we obtained 𝑓 𝑤 (0 . 5) =
 . 9475 which agrees well with 5.9474 provided by [55] and [56] , and

omparable to the prediction by Eq. (12) as shown in Fig. 3 . 

Our results for the square duct with 0 ≤ 2 a / H < 0.15 are also compa-

able to values predicted by Eq. (14) . At larger confinement ratios, the

umerical results predict much larger deviations from the Stokes drag,

nd this requires an extension of Eq. (14) to higher orders in 2 a / H . Here,

ased on the best fit to our numerical results, we propose 

 𝑤 

(2 𝑎 
𝐻 

)
≅ 1 + 2 . 50 

(2 𝑎 
𝐻 

)
+ 9 . 73 

(2 𝑎 
𝐻 

)3 
+ 33 . 19 

(2 𝑎 
𝐻 

)5 
+ … , (15) 

or confinement ratios in the range of 2 𝑎 
𝐻 

≤ 0 . 5 , which based on the re-

ults obtained gives an error of less than 5% for Re ≤ 1. 

The numerical results for the drag coefficient are plotted in Fig. 3 ,

hich shows a good agreement between our solver and the results ob-

ained from established theories. Our numerical computations show that

he drag coefficient of a sphere translating inside a circular duct is al-

ays higher than the value obtained when translating inside a square

uct. This difference in the drag coefficient values becomes greater for

arger confinement ratios. The reasons for this divergence arise from the

ifferent boundary restrictions imposed by the walls (which are less re-

trictive for the square duct), and also the shape of the velocity profile

ithin these two geometries, i.e., they possess different symmetry [57] .

.3. Viscoelastic fluids 

Several benchmark problems have been established to explore the

onsequences of different choice of constitutive models and to validate

he stability and accuracy of computational methods for viscoelastic

uid flow simulations [35] . Here, we test the accuracy of our approach

gainst published data for the flow past a stationary sphere under creep-

ng flow regime. We again consider both geometries, the square and cir-

ular ducts, shown in Fig. 1 , to perform the calculation. No benchmark

ata could be found for the square duct in the literature, to the best of

he authors’ knowledge. For this reason, the comparison is performed

nly for the case of a circular duct, which has been studied extensively

9,13,58] . 

We consider the flow of UCM ( 𝜂𝑠 = 0 ) and Oldroyd-B (finite 𝜂s ) flu-

ds past a stationary sphere in ducts with confinement ratio of 𝑎 ∕ 𝑅 =
 𝑎 ∕ 𝐻 = 0 . 5 . In each run, the result obtained for the Newtonian case

 𝐷𝑒 = 0 ) was employed as the initial state for the viscoelastic flows
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Fig. 3. Comparison between theory (lines) and numerical results (symbols) obtained for the drag coefficient of a sphere in a circular duct with different confinement 

ratios at Re ≤ 1. The inset illustrates the comparison between the Faxén correction ( Eq. (12) ), Eq. (14) and values for wall correction factors predicted numerically 

in both square and circular ducts (see Table 1 ). The dashed line in the inset shows the new fitting model ( Eq. (15) ) for the wall correction factor, 𝑓 𝑤 

(
2 𝑎 
𝐻 

)
, in square 

ducts with 2 𝑎 
𝐻 

≤ 0 . 5 . 
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 De > 0). The applied boundary conditions for velocity and pressure

re the same as those listed for Newtonian fluids in Section 3.2 . For

he polymeric extra-stress tensor components, we applied zero gradient

oundary condition at outlet, Ωout , and wall, Ωw , zero stress at inlet, Ωin ,

nd linear extrapolation on the sphere surface, Ωs . 

Here, the numerical results for the stress and pressure are used again

o compute the drag coefficient using Eq. (10) . We represent the evalua-

ion of the drag coefficient by normalizing it with the Stokes flow result,

 

0 
𝐷 
= 24∕ 𝑅𝑒 so that 

= 

𝐶 𝐷 

(24∕ 𝑅𝑒 ) 
. (16)

The results obtained are shown in Fig. 4 (a) and (b) for a confinement

atio 𝑎 ∕ 𝑅 = 2 𝑎 ∕ 𝐻 = 0 . 5 . These figures show good agreement between

ata obtained with our model and those published in the literature. Our

ata for the UCM and Oldroyd-B fluids show a minimum in the drag co-

fficient that occurs around 𝐷𝑒 = 1 . 5 and 𝐷𝑒 = 1 . 2 , respectively, beyond

hich 𝜒 starts to increase with increasing Deborah number, as computed

y Baaijens [58] for the UCM fluid. The mismatch between different data

ets at larger Deborah numbers is associated with mesh refinement. If

e run our model with around 60% of our selected mesh refinement

reducing the number of elements close to sphere), our simulation data,

t larger De numbers, follow those provided by Jin et al. [59] and Sun

t al. [60] . At this reduced level of mesh refinement, our computations

t De ≥ O (1) show that the gradients of the extra-stress computations in

he wake of the sphere are not fully converged. 

As might be anticipated from the results obtained for the Newtonian

uids, the total drag exerted on the sphere at any Deborah number is
igher when the particle is on the center-line of a circular duct as com-

ared to the center-line of a square duct. Indeed, we find the total drag

eduction due to elasticity is smaller for the square duct in both UCM

nd Oldroyd-B fluids. For the results shown in Fig. 4 (a) and (b), our sim-

lations have sufficient temporal and spatial mesh resolution, especially

n the regions where a combination of shear and extensional flows exist,

o that they do not encounter temporal oscillations (reported by other

tudies [54] ) close to the limiting Deborah number, and all variables

moothly evolve to steady-state conditions. 

The quality of the solution for the viscoelastic drag coefficient cor-

ection using our numerial formulation is further assessed against the

xperimental data provided by Arigo et al. [13] , and the simulation data

sing the FENE dumbbell model provided by Abedijaberi and Khomami

61] . For this comparison, we first consider the flow of an Oldroyd-B

uid ( 𝜁 = 0 . 41 ) past a stationary sphere in a duct with confinement ra-

io of 𝑎 ∕ 𝑅 = 0 . 25 . The results for this comparison are shown in Fig. 5 ,

here a good agreement between our numerical results and the exper-

mental data is observed. Fig. 5 also reproduces the simulation data by

61] using the FENE dumbbell model with two different values of the

aximum extensibility parameter, L 2 . 

The results of our simulation using the Oldroyd-B model are com-

arable to the FENE dumbbell model using 𝐿 

2 = 4000 within the mod-

rate range of Deborah number, 0 ≤ De < 5, which is of interest in

his study. To illustrate the accuracy of our code base considering other

iscoelastic fluid models at higher Deborah number flows, we also com-

uted the drag coefficient using the FENE-P model (see [21] for the de-

ailed description of the FENE-P model) with a maximum extensibility

f 𝐿 

2 = 4000 at 𝐷𝑒 = 5 , and compared it to the results provided by Abe-
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Fig. 4. Comparison between our numerical computations and published data 

for the viscoelastic fluid flow past a stationary sphere with confinement ratio 

𝑎 ∕ 𝑅 = 2 𝑎 ∕ 𝐻 = 0 . 5 . In panel (a) the fluid model is the UCM model ( 𝜁 = 1 ), and 

in panel (b) the fluid is described by the Oldroyd-B model with 𝜁 = 0 . 5 . The filled 

circular and square symbols indicate simulation results within, respectively, cir- 

cular and square ducts. 
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Fig. 5. Comparison between our numerical computations and published exper- 

imental and numerical data by Arigo et al. [13] and Abedijaberi and Khomami 

[61] for the drag coefficient correction, 𝜒 , using different viscoelastic fluid mod- 

els past a stationary sphere with a confinement ratio of 𝑎 ∕ 𝑅 = 0 . 25 , and 𝜁 = 0 . 41 . 

Fig. 6. Comparison between our numerical predictions and published data for 

the velocity and stress fields. Panel (a) shows a contour plot of the dimensionless 

axial velocity component in flow direction, x , at 𝐷𝑒 = 1 . 3 , and panel (b) shows 

the dimensionless polymeric axial stress, 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈, on the sphere surface and 

in the downstream (wake of the sphere) flow region, at 𝐷𝑒 = 1 . 2 . The sphere 

is translating through a circular duct ( 𝑎 ∕ 𝑅 = 0 . 5 ) filled with an Oldroyd-B fluid 

with 𝜁 = 0 . 5 . 
ijaberi and Khomami [61] in Fig. 5 , where a good agreement between

he two results can again be observed. 

So far, we have tested the capability of our numerical model to cap-

ure the drag coefficient, which is an integral quantity that does not

nclude the influence of all components of the stress tensor. To better

llustrate the accuracy of the model, here we also examined the quality

f the solution by comparing the velocity and stress fields at steady-state

ondition with previous studies. Fig. 6 (a) shows the comparison of our

esult with that of Chauvie ̀re and Owens [56] for the maximum dimen-

ionless velocity u x / U at 𝐷𝑒 = 1 . 3 on the 𝑥 − 𝑦 plane cutting through

he center of the sphere. Fig. 6 (b) also shows the comparison of our

esult with that of Chauvie ̀re and Owens [56] for the dimensionless ax-

al stress component ( 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈) on the surface and the wake of the

phere at 𝐷𝑒 = 1 . 2 . Again, a very good agreement between our results

nd previous studies is observed for both the axial velocity and the axial

xtra-stress component. 
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Fig. 7. Profiles of the dimensionless pressure and polymeric axial stress, ap / 𝜂0 U and 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈, respectively, along the center-line in the upstream and downstream 

(wake of the sphere) flow regions as well as along the surface of the sphere (for −1 ≤ 𝑥 ∕ 𝑎 ≤ 1 ) at 𝑅𝑒 = 0 . 01 for different values of De and 𝜁 . 
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. Drag coefficient model 

Analytical solutions for the steady-state translation of a single par-

icle in an unbounded viscoelastic fluid have been mostly presented

ased on perturbation theory [9] . These analyses are valid at low Deb-

rah number and small polymer viscosity ratio, and predict very small

hanges in the drag force compared to the values obtained for creeping

ow of Newtonian fluids. A better description for the drag force on in-

ividual particles, which performs well over a wide range of polymer

iscosity ratio and Deborah number, is required to be integrated in a

ulerian-Lagrangian solver. 

Here, we aim to provide an approximate closed form model to de-

cribe the numerical simulation data obtained for the unbounded flow of

he Oldroyd-B fluid past a sphere. In this context, the applied boundary

onditions are as those discussed in Section 3.3 , except for the lateral

uid (wall) boundaries, 𝛿Ωw in Fig. 1 , on which periodic boundary con-
 f  
itions are applied. As discussed in Section 3.1 , the domain size is chosen

o be 𝐿 𝑥 = 180 𝑎 and 𝐿 𝑧 = 𝐿 𝑦 = 𝐻 = 40 𝑎 . With this configuration, the ef-

ect of particle volume fraction ( 𝜙 = 

𝑉 𝑝 

𝑉 𝑡 
≈ 1 . 45 × 10 −5 where V p is the

article volume and V t is the total volume) that appears due to the peri-

dicity of the domain is negligible, thus, the domain can be effectively

onsidered as an unbounded fluid domain. The numerical computations

re performed over a range of Re numbers, 0.01 ≤ Re ≤ 100. 

.1. Creeping flow conditions 

Fig. 7 (a) shows the evolution of the dimensionless polymeric axial

tress, 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈, on the flow center-line in the upstream and down-

tream flow regions for a sphere translating in an unbounded Oldroyd-B

uid with 𝜁 = 0 . 5 . As shown in Fig. 2 , the mesh close to the rear and

ront stagnation points is refined in the same way to be able to resolve
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he development of the sharp gradients in the stress field. The inset in

ig. 7 (a) shows that the maximum value of the polymeric axial stress

ear the front stagnation point decreases when De is increased. On the

ther side, near the rear stagnation point in the wake of the sphere, the

aximum value of the polymeric axial stress dramatically increases with

he elasticity of the fluid, i.e., with increasing De . The magnitude of the

olymeric axial stress near the rear stagnation point is much larger than

he stress developed in the upstream, near the front stagnation point,

nd the difference becomes progressively larger for higher De . At high

eborah numbers, the effect of the polymeric axial stress developed near

he front stagnation point becomes increasingly unimportant in control-

ing the evolution of the drag coefficient. At low levels of elasticity, as

hown by Yang and Khomami [53] , the drag force on the sphere is con-

rolled primarily by the pressure field and viscous deviatoric stress con-

ributions, and not by the polymeric stress contribution. Therefore, the

ffect of the stress boundary layer developed near the front stagnation

oint of the sphere on the overall drag coefficient is believed to be small

n low Re flows; however as we show later it becomes very important

or high Re flows, see Section 4.2 for more details. 

Comparison between Figs. 7 (a) and 6 shows that the absence of the

onfining walls results in a large reduction in the maximum of the poly-

eric axial stress developed in the wake of the sphere at the same values

f De and 𝜁 . Consequently, the development of the sharp gradients in the

tress field observed in the wake is delayed, which allows us to obtain

onverged solutions at higher De and 𝜁 values in the aforementioned

onfiguration ( a / R → 0). 

Fig. 7 (b) and (c) show the dimensionless pressure developed on the

ow center-line in the upstream and downstream flow regions, as well

s its evolution along the surface of the sphere (for −1 ≤ 𝑥 ∕ 𝑎 ≤ 1 ) for

𝑒 ≪ 1 . In Stokes flow at very low elasticity, 𝐷𝑒 ≪ 1 , one expects a

ymmetrical behavior for the pressure field distribution on the surface

f the particle, which gradually becomes asymmetric at the front and

ear stagnation points for low De and 𝜁 values (see the inset of Fig. 7 (b)

oting |𝑝 min | > |𝑝 max |). At higher values of De and 𝜁 , elastic effects on

he pressure distribution over the particle surface are more pronounced,

nd completely break the symmetrical behavior, as shown in the inset

f Fig. 7 (c). In these cases, the large negative value of the pressure at

he rear stagnation point is developed to balance the large polymeric

xial stress that develops in the downstream wake of the sphere (since

𝑃 ,𝑥𝑥 = 0 at the rear stagnation point). This also becomes the dominant

actor in determining the drag coefficient on the sphere, as discussed

arlier in Section 3.3 . The inset in Fig. 7 (c) confirms the convergence

nd mesh independency of the predictions obtained using five different

eshes. Mesh 1 corresponds to the mesh discussed in Section 3.1 , which

s used for all the cases presented in this work, and Mesh 0, Mesh 2,

esh 3 and Mesh 4 correspond to 125%, 85%, 70%, and 55% of the

ells near the surface of the sphere, respectively. Note that these meshes

re simply generated using higher or lower level of refinements from

ar upstream and downstream flow regions towards the surface of the

phere as discussed in Section 3.1 . 

For the same case, with 𝐷𝑒 = 4 . 5 and 𝜁 = 0 . 9 , the dimensionless poly-

eric axial stress, 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈, on the flow center-line in the upstream

nd downstream flow regions as well as its evolution along the surface

f the sphere is plotted in Fig. 7 (d). The inset also shows the conver-

ence of the solutions obtained using the five different meshes discussed

bove. Section 3.1 The maximum values of the stress resolved in both

pstream and downstream wake continue to increase until Mesh 1 is

eached. Beyond this level of refinement, no further increases are ob-

erved at this value of De . These results support the accuracy of our ap-

roach within the range of parameters studied ( De ≤ 5 and 0.5 ≤ 𝜁 < 1).

eyond this range, the rapid development of the sharp gradients in

he stress field imposes a limit in obtaining converged solutions with

he numerical approach employed. This restriction for the unbounded

ow around a sphere is in accordance with the one we already found

or bounded flow in Section 3.3 (e.g. see Fig. 5 (a)). Note that, at
ower values of 𝜁 , i.e. 0 ≤ 𝜁 < 0.5, converged solutions for the drag

oefficient using the Oldroyd-B model are also achieved for values of

e < 9. 

Fig. 8 shows the comparison for the drag coefficient correction,

, obtained at 𝑅𝑒 = 0 . 01 , between our numerical calculations and the

pproximate closed form expression developed by Leslie and Tanner

36] , 

= 

𝐶 𝐷 

(24∕ 𝑅𝑒 ) 
= 1 − 𝐷𝑒 2 𝜁 [ 𝑎 + 𝑏𝜁 ] for 𝐷𝑒 ≪ 1 , (17)

here a and b were originally computed to be 0.01067 and 0.005334,

ut were later corrected to 0.01031 and 0.0057143, respectively, by

ousiadas and Tanner [62] . The initial (second order) decrease in the

iscoelastic drag coefficient correction, 𝜒( De, 𝜁), is correctly described

y this expression, Eq. (17) , but it is unable to predict the higher order

lastic drag enhancement observed in the computations for De > 0.5.

ig. 8 also illustrates a similar comparison but for the following analyt-

cal model 

= 

𝐶 𝐷 

(24∕ 𝑅𝑒 ) 
= 1 + 

4 ∑
𝑖 =1 

𝐷 𝑒 2 𝑖 𝜁

( 2 𝑖 ∑
𝑗=1 

𝑘 𝑖𝑗 𝜁
𝑗−1 

) 

, for 𝐷 𝑒 ≤ 1 . 2 (18) 
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Fig. 9. Comparison between numerical data and the approximate model developed for the drag correction coefficient, 𝜒 , of a sphere in unbounded Oldroyd-B fluids, 

see Eqs. (19a) and (19b) . Panel (a) shows the comparison at low Deborah number ( De ≤ 1) for different polymer viscosity ratios, and panel (b) shows the similar 

comparison but in the range of 1 ≤ De ≤ 5. 
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here 

 ij ≈

⎛ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

−0 . 010310 −0 . 0057143 0 0 0 

0 . 013945 0 . 00017174 −0 . 0024713 0 . 0005088 0 

−0 . 0074789 −0 . 00092722 0 . 0040908 −0 . 0029146 0 . 0008

0 . 0058390 0 . 00086447 −0 . 0067768 0 . 0096167 −0 . 006

hich was derived by Housiadas and Tanner [62] up to 8 th order

n Deborah number for the case of Oldroyd-B fluids. One may note

rom this expression that the coefficients for the odd-order of Deborah

umber are zero, which is attributed to the symmetry of the flow fields

n the regime considered [35,62] . The dotted lines in Fig. 8 show that

q. (18) predicts the general trend of 𝐶 𝐷 = 𝑓 ( 𝐷𝑒, 𝜁 ) ; i.e. an initial small

rag reduction due to second order effects followed by a more rapid

rag increase due to the onset of a strong elastic wake for 𝐷𝑒 = 𝑂(1) ,
ut the values predicted by this asymptotic theory do not match our

irect numerical simulation data, except at very low De and small 𝜁

alues where the effect of elasticity is small, as shown in Fig. 8 (a)

nd (b). 

A closer examination of our computational data (see Fig. 9 ) shows

hat a quadratic expression is enough to predict the reduction in drag

oefficient at low Deborah numbers ( De < 0.3), as expected from Sec-

nd Order Fluid theory. Meanwhile, for Deborah numbers in the range

.3 ≤ De ≤ 1, over which the drag coefficient may continue to decrease

r pass through a local minimum depending on 𝜁 , a higher-order ex-

ression is required to better fit the data. For example, Housiadas and

anner [62] suggested an 8 th order function in Deborah number and 7 th
rder function in 𝜁 . For higher Deborah numbers De > 1, the drag co-

fficient correction steadily increases, and numerical data obtained for

his range clearly shows the presence of a cross-over point from drag re-

uction to drag enhancement that occurs in a narrow Deborah number

ange 1 < De < 2. It is important to capture this point correctly, as this

an greatly affect the predictions of the model at higher De . Based on

he results of the direct numerical simulation and the above reasoning,

e use rational functions to fit the computational data using the lowest

ossible degree of polynomial functions and the minimum number of

orrelation constants. Accordingly, we propose the following approxi-

ation model for the drag coefficient of a sphere translating through an

nbounded Oldroyd-B fluid at low Re , 
0 0 0 

0 0 0 

−2 . 92714 × 10 −5 0 0 

 0 . 0025479 −0 . 00038695 5 . 1184 × 10 −6 

⎞ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 
, 

= 

𝐶 𝐷 

( 24∕ Re ) 
= 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎩ 

1 + 

∑3 
𝑖 =1 

[
𝐷𝑒 2 𝑖 

(∑3 
𝑚 =1 𝑎 im 

𝜁𝑚 −1 
)]

∑3 
𝑗=1 

[
𝐷𝑒 2 ( 𝑗−1 ) 

(∑3 
𝑛 =1 𝑏 jn 𝜁

𝑛 −1 
)] De ≤ 1 , ( 19a ) 

1 + 

∑3 
𝑘 =1 

[
𝐷𝑒 2 ( 𝑘 +1 ) 

(∑3 
𝑝 =1 𝑐 kp 𝜁

𝑝 −1 
)]

∑3 
𝑠 =1 

[
𝐷𝑒 2 ( 𝑠 −1 ) 

(∑3 
𝑞=1 𝑑 sq 𝜁

𝑞−1 
)] De > 1 . ( 19b ) 

The highest polynomial order used for De is eight, and the corre-

ation coefficients are considered to be second-order polynomial in 𝜁

ased on our numerical results. The correlation constants obtained us-

ng the fitting procedures (conducted based on the solution of nonlinear

east-squares problems using the iterative Levenberg-Marquardt algo-

ithm [63] ) led to 

 𝑖𝑚 = 

⎛ ⎜ ⎜ ⎝ 
0 −0 . 00443 0 . 002478 
0 −0 . 09422 0 . 07025 
0 0 . 06665 −0 . 06392 

⎞ ⎟ ⎟ ⎠ , 
𝑏 𝑗𝑛 = 

⎛ ⎜ ⎜ ⎝ 
0 . 0534 0 0 
6 . 288 −6 . 111 0 
1 0 0 

⎞ ⎟ ⎟ ⎠ , 
𝑐 𝑘𝑝 = 

⎛ ⎜ ⎜ ⎝ 
0 −0 . 02511 0 . 0009496 

0 . 0006047 0 . 02517 −0 . 02148 
0 0 0 . 0005713 

⎞ ⎟ ⎟ ⎠ , 
𝑑 𝑠𝑞 = 

⎛ ⎜ ⎜ ⎝ 
0 0 0 
0 0 . 5014 −0 . 02511 
1 0 0 

⎞ ⎟ ⎟ ⎠ , 
ith 95% accuracy for De ≤ 5 and 0 < 𝜁 < 1. Equations (19a) and

19b) are plotted against numerical data at 𝑅𝑒 = 0 . 01 in Fig. 9 (a) and

b), respectively. It can be seen that increasing the polymer viscosity,

→ 1, results in a larger reduction of the drag coefficient for De ≤ 1,
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Fig. 10. Drag correction coefficient predicted by Eq. (19b) for a sphere translat- 

ing through an inertia-less unbounded Oldroyd-B fluid with five different poly- 

mer viscosity ratios for 1 < De < 9. Filled symbols show the results from con- 

verged numerical simulations, and hollow symbols are predictions generated by 

the approximate model. 
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Fig. 11. Wall effect on the drag coefficient calculated for a sphere translating 

in the creeping flow regime in bounded viscoelastic fluids within a circular duct 

possessing 𝑎 
𝑅 
= 0 . 5 . 
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fl

nd a larger drag force enhancement for De > 2 (i.e, the additional drag

orce is enhanced when the polymer viscosity ratio is increased corre-

ponding to a higher level of polymer extra-stress in the fluid). 

The cross-over point at which the viscoelastic drag coefficient

atches the Stokes drag coefficient ( 𝜒 = 1 ) for the Oldroyd-B fluid oc-

urs in the range of 1 < De < 2 and depends on the polymer viscosity

atio (see Fig. 9 ). Below this point a reduction in drag is expected, and

eyond it the drag reduction is suppressed due to the onset of a strong

lastic wake. The location of the cross-over point for Oldroyd-B fluids

ith different relaxation times and polymer viscosity ratios can be de-

ermined using Eq. (19b) assuming 𝜒 → 1, resulting in a polynomial

quation of the form 

3 

 =1 

[ 

𝐷𝑒 2( 𝑘 +1) 

( 3 ∑
𝑝 =1 

𝑐 𝑘𝑝 𝜁
𝑝 −1 

) ] 

= 0 , (20) 
ig. 12. Comparison between numerical computation and our approximate model de

uids at different Reynolds number ( Re ≤ 1). Dashed lines represent Eqs. (19a) and (
hich is a second-order function in 𝜁 and 8 th order function in De . The

ross-over point may provide us with an ability to predict the rheology of

ilute polymer solutions, especially determining the relaxation time, 𝜆,

y postulating 𝐶 𝐷 → 𝐶 

0 
𝐷 

(or alternatively 𝜒 → 1) while having different

evels of elasticity in the fluids. 

As mentioned above our aim is to extend calculations over a broader

ange of Deborah number. Fig. 10 illustrates the prediction of Eq.

19b) for the drag coefficient at 1 ≤ De < 9. Filled symbols show the

esults from numerical simulation, and hollow symbols are predictions

rom the approximate model (Eq. 19b). These predictions, as of now,

annot be verified numerically due to present limits on computing power

nd numerical stability. However, a reformulation of the numerical code

o use a log-conformation approach for the extra-stress tensor in the fu-

ure may allow us to compare the prediction of Eqs. (19a) and (19b) with

imulations at higher De and 𝜁 . 
veloped for the drag correction coefficient of a sphere in unbounded Oldroyd-B 

19b) . 
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Fig. 13. Contours of dimensionless polymeric stress components, τ𝑃 ,𝑟𝑟 , τ𝑃 ,𝜙𝜙, τ𝑃 ,𝜃𝜃 and τ𝑃 ,𝑟𝜃 . Contours show the 𝑟 − 𝜃 plane where 0 ≤ 𝜃 ≤ 2 𝜋. Here, the viscoelastic 

fluid is described by the Oldroyd-B model with 𝜁 = 0 . 5 and simulations are performed at 𝐷𝑒 = 2 . 
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Eqs. (19a) and (19b) may also be used to understand the effect of

ounding walls in confined viscoelastic fluid flows in the creeping flow

egime. The total drag coefficient of a sphere, 𝐶 

𝑤 
𝐷 

, translating through a

onfined Oldroyd-B fluid in a circular duct, can be linearly decomposed

nto viscous, wall and elastic effects such that 

 

𝑤 
𝐷 

≡ 𝐶 𝐷 

(
De , 𝜁, 

𝑎 

𝑅 

→ 0 
)
⋅ 𝑓 𝑤 

(
𝐷𝑒, 𝜁, 

𝑎 

𝑅 

)
, (21)

hich can be rearranged using Eq. (16) as follows 

 𝑤 

(
𝐷𝑒, 𝜁, 

𝑎 

𝑅 

)
≅ Re 

24 
𝐶 

𝑤 
𝐷 

𝜒

(
De , 𝜁, 𝑎 

𝑅 
→ 0 

) , (22)
here 𝜒 is the expression for the viscoelastic drag coefficient correction

actor for unbounded fluids ( 𝑎 
𝑅 
→ 0 ) evaluated in Eqs. (19a) and (19b) .

ere, based on Eq. (22) and the data presented in Fig. 4 , one can cal-

ulate the wall effect f w for the flow of an Oldroyd-B fluid ( 𝜁 = 0 . 5 ) and

CM fluid ( 𝜁 = 1 ) past a sphere within a circular duct with wall confine-

ent ratio of 𝑎 ∕ 𝑅 = 0 . 5 , as shown in Fig. 11 . By comparing Figs. 4 and

1 , one finds that the large reduction in the total drag coefficient of a

phere in bounded viscoelastic fluid flows, at low De , is mostly domi-

ated by the wall confinement effects, f w , and not the elastic stresses

hat develop on both the surface and wake of the sphere denoted by 𝐶 𝐷 

n Eq. 21 . However, the wall effects for viscoelastic fluids are reduced
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Fig. 14. Profiles of the dimensionless polymeric axial stress, 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈, in the 

wake of a sphere for different Reynolds numbers. The sphere translates through 

an unbounded Oldroyd-B fluid with 𝜁 = 0 . 5 and 𝐷𝑒 = 2 . 
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hen De and 𝜁 are increased, because the tractions acting on the sphere

ecome dominated by the large polymeric extra-stress field and not the

ressure field alone, which is set by the location of the bounding walls.

.2. The effect of fluid inertia 

The nonlinear interactions of fluid inertial effects with viscosity and

lasticity cause unexpected phenomena in the dynamics of particles sus-

ended in a viscoelastic matrix, e.g. see [6,64] where they showed that a

ombination of fluid inertial and elastic effects collectively governs the

ross-stream migration of a neutrally buoyant spherical particle. These

nteractions, in complex kinematic fields such as the flow past a sphere,

ay be expected to change the behavior of the viscoelastic drag correc-

ion factor, 𝜒( De, 𝜁). Here, we investigate the effect of inertial forces on

he spatial distribution of the polymeric extra-stress components, and

ltimately on the drag force experienced by a single sphere in an un-

ounded fluid domain. We first study the limit of small Reynolds num-

ers to confirm the validity of Eqs. (19a) and (19b) . Fig. 12 (a) to (c)

llustrate the comparison between numerical simulation results and the

rag model developed in the previous section, Eqs. (19a) and (19b) , for

𝑒 = 0 . 01 , 0.1 and 1. The results show that the proposed model satisfac-

orily predicts the overall viscoelastic drag coefficient for Re ≤ 1. 

To study stronger inertial effects, the Reynolds number was varied

n the range 1 < Re < 210. Beyond this limiting value of Re , the axisym-

etric flow of an unbounded Newtonian fluid past a sphere becomes un-

table to a symmetry-breaking steady flow with a helical wake structure

65,66] . The results of the simulations for dimensionless components

f the polymeric extra-stress tensor at different Re are shown in Fig. 13 .

ere, we have mapped the stress tensor components from a Cartesian co-

rdinate representation, { x, y, z }, to a spherical polar coordinate frame,

 r, 𝜃, 𝜙}, centered on the sphere’s center (see [67] for details about this

ransformation) to better illustrate the effects of inertia. One observes

hat the magnitude of the polymeric axial extra-stress, τ𝑃 ,𝑟𝑟 , overshoot

n the wake of the sphere decreases as the Reynolds number increases.

his phenomenon is also depicted in Fig. 14 , where the profile of the di-

ensionless polymeric axial stress, 𝑎 τ𝑃 ,𝑥𝑥 ∕ 𝜂0 𝑈, along the center-line in

he wake of the sphere is plotted for different Re at 𝐷𝑒 = 2 . Fig. 13 also

hows that the magnitude of the hoop stress, τ𝑃 ,𝜃𝜃 and shear stress, τ𝑃 ,𝑟𝜃 ,
ig. 15. The effect of fluid inertia on the drag correction coefficient for a sphere tra

orrection coefficient, 𝜒 , is plotted against Deborah number (0 ≤ De ≤ 3) at differen

he elastic extra-stress (from Fig. 13 ) to indicate the changes in the wake structure. 

𝑙 = 𝐷𝑒 ∕ 𝑅𝑒 . 
omponents increase with increasing Re , and become localized in space

esulting in boundary-layer-like structures. In fact, it can be seen that

he region in the wake of the sphere, where a mixture of shearing and

xtensional kinematics coexist, expands steadily. After the formation of

ymmetric eddies at Re ≃ 20, the value of the maximum stress , which

imits the numerical calculations at Re < 1, is greatly reduced. The loca-

ion of the maximum stress is also shifted away from the rear stagnation

oint by fluid inertia, and thus the axial stress gradients are further re-

uced. 

The simulation results for the drag coefficient correction at differ-

nt Re are demonstrated in Fig. 15 (a). At low elasticity, it is noticed

hat the overall behavior of 𝜒 for Re > 1 is quite different to what
nslating through an unbounded Oldroyd-B fluid ( 𝜁 = 0 . 5 ). In panel (a) the drag 

t Reynolds numbers. The insets show the contours of the radial components of 

Panel (b) shows the same data but now plotted against the elasticity number, 
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e observed at low Re . In fact, for Re > 1, the drag coefficient cor-

ection arising from viscoelasticity is found to be always bigger than

nity ( 𝜒 > 1) but smaller than the enhancement calculated in the creep-

ng flow limit. Careful examination of the curves in Fig. 15 (a) shows

wo distinct regimes of behavior. Firstly, for 1 < Re < 20, where the

rag coefficient correction monotonically increases with Deborah num-

er, and secondly for Re > 20, where the drag coefficient correction first

ncreases, meets an immediate peak, then flattens or subtly decreases,

nd eventually starts increasing again with Deborah number. This lat-

er response is due to the wake separation and development of a steady

xisymmetric toroidal eddy behind the sphere. From Fig. 15 (a), one ob-

erves that the drag coefficient has the smallest variations for 𝑅𝑒 = 30
nd 𝑅𝑒 = 50 , corresponding to the onset of the recirculation in the wake

f the sphere, which greatly reduces the effect of elasticity on the drag

oefficient. 

The effect of inertia and the formation of symmetric eddies at Re > 20

n the drag coefficient correction are better illustrated in Fig. 15 (b),

here the drag coefficient correction is plotted against the elasticity

umber [35] defined as 

𝑙 = 𝐷𝑒 ∕ 𝑅𝑒 = 𝜆𝜂0 ∕2 𝜌𝑎 2 . (23)

Because the elasticity number, El , is independent of the fluid veloc-

ty, each vertical trajectory in Fig. 15 (b) corresponds to a different fluid

ormulation. The onset of wake separation is clearly distinguished in

ig. 15 (b) by a sudden kink in the curves. Before and after this region,

he presence of elastic stresses in the fluid (whether close to the stagna-

ion point or at separation points) can modify the drag coefficient more

ubstantially. It can be seen that at low elasticity number, El < 1, the

rag coefficient correction is always bigger than unity ( 𝜒 > 1), while

t El > 1, there are regions where 𝜒 first becomes slightly smaller than

nity, then increases substantially. The reduction, as discussed earlier,

orresponds to weak second order effects in the creeping flow regime

ominating the inertial effects. 

Based on these results, we conclude that the approximate drag cor-

ection model ( Eqs. (19a) and (19b) ) developed in this study is only

alid for Re ≤ 1, and will not predict the correct behavior of the drag

oefficient at high Re when the inertial changes to the wake structure

ehind the sphere dominate. This transition can be detected visually in

ig. 15 (b) by the self-similarity of the curves at 𝑅𝑒 = 0 . 1 and 𝑅𝑒 = 1 ,
hich are simply shifted laterally along the horizontal axis (elasticity

umber). This self-similarity is lost as inertial effects become dominant

or Re > 1. 

. Conclusions 

In this study, we employed three-dimensional direct numerical simu-

ations of viscoelastic flow past a sphere to explore the effects of fluid in-

rtia, elasticity and the polymer viscosity ratio on the overall drag coef-

cient. We first validated the numerical model thoroughly against well-

nown benchmark problems. The use of highly-refined meshes enabled

onverged numerical simulations to be obtained beyond values previ-

usly reported in the literature. For example, converged solutions were

btained for De < 9 depending on the confinement ratio, Reynolds num-

er and other fluid specific parameters. We observed a self-similarity of

he evolution in the drag coefficient in the inertia-less flow regime, and

he data obtained from the numerical simulations in this regime were

tted with rational functions to develop an explicit (closed form) closure

odel for the drag coefficient correction. This new polynomial approx-

mation performs well (better than 95% accuracy) over a wide range of

olymer viscosity ratios, 0 < 𝜁 < 1, and Deborah numbers, De < 9 at

e ≤ 1. This model provides a more comprehensive description for the

rag force on particles, which can be eventually integrated, as a closure

odel, in coupled viscoelastic Eulerian-Lagrangian algorithms. We also

xamined the effect of fluid inertia on the drag force for Re > 1 in the

resence of elasticity, and observed that inertial nonlinearities and the

hange in the wake structure behind the sphere disrupts the canonical
ehavior of the drag coefficient correction observed at low Reynolds

umber, Re ≤ 1. Therefore, the approximate drag closure model that we

ave developed is only valid for low Reynolds number flows, Re ≤ 1. 

In future studies, the current numerical formulation can be extended

o simulate still higher Deborah and Reynolds numbers, providing more

ata to further enlarge the range of validity for the polynomial drag

xpression we have developed. This approach of developing an explicit

losure model can also be extended to higher dimensional formulations

ppropriate for more realistic viscoelastic fluid constitutive models, e.g.,

he Giesekus or FENE-P model. The present numerical results and model

erve as a benchmark against which other drag closure models can be

alibrated. Furthermore, because of the canonical nature of the Oldroyd-

 model, the proposed expression for the drag coefficient, given by

qs. (16) , (19a) and (19b) can be used as the simplest acceptable drag

losure model suitable for particle-laden viscoelastic fluid simulations,

specially for applications where the bulk behavior of the mixture is of

ost interest. 
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