
Capillary Breakup of Discontinuously Rate Thickening Suspensions

Pawel J. Zimoch,∗ Gareth H. McKinley, and A. E. Hosoi
Hatsopoulos Microfluids Laboratory, Department of Mechanical Engineering,

Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA
(Dated: April 12, 2013)

Using Discontinuously Rate Thickening Suspensions (DRTS) as a model system, we show that
Beads-on-a-String morphologies can arise as a result of external viscous drag acting during capillary-
driven breakup of a non-Newtonian fluid. To minimize the perturbative effect of gravity, we devel-
oped a new experimental test platform in which the filament is supported in a horizontal position
at the surface of an immiscible oil bath. We show that the evolution of thin DRTS filaments dur-
ing the capillary thinning process is well-described by a set of 1-dimensional (1D) slender filament
equations. The strongly rate-dependent rheology of the test fluid and the aspect ratio of the fila-
ment couple to control the thinning dynamics and lead to a simple criterion describing the localized
arrest of the capillary thinning process and the subsequent formation of complex, high aspect ratio
Beads-on-a-String structures.

Complex, high aspect ratio structures, such as strings
with embedded functionalized elements (generically de-
noted“beads”) (Fig. 1), find applications in optics [1],
self-assembly [2], bioengineering [3] and custom material
design [4]. Recent studies show that such structures can
be created by polymerizing a liquid filament to arrest the
process of capillary breakup [1]. Currently, these Beads-
on-a-String (BOAS) structures are attained by exploit-
ing complex rheological properties of polymer solutions
[1, 5–7]. The factors affecting the characteristics of the
resulting structures, such as size and relative placement
of beads, are still not completely understood [1, 5, 8].

In this letter, we show that formation of BOAS struc-
tures can be provoked using viscous drag. Placing a fil-
ament undergoing breakup in a bath of immiscible vis-
cous fluid results in the creation of a rich array of struc-
tures, depending on the viscometric properties of both
fluids [9–11]. Here, we couple this effect with Discon-
tinuously Rate Thickening Suspensions (DRTS) [12] to
extend the lifetime of the filament and enable formation
of high aspect ratio structures. The defining feature of
DRTS is a sharp increase in viscosity at a critical de-
formation rate γ̇crit (Fig. 2(b)) [13], characterized by a
Weissenberg number Wi = γ̇flow/γ̇crit, where γ̇flow is the
characteristic deformation rate of the flow. DRTS are
slightly shear-thinning for Wi � 1, and thickening for
Wi >∼ 1.

In a slender geometry, the rate of decay of the fila-
ment diameter is set by the slowest rate process in the
system [14, 15]. In DRTS, this leads to decay at a fixed
deformation rate γ̇crit at late times – limited by the con-
comitant sharp increase in viscosity – resulting in the
development of a thread of axially uniform radius, which
thins exponentially (Fig. 2(c)) [16, 17]. This behavior
is similar to capillary breakup of viscoelastic liquids, but
the underlying physical constraint on deformation rate is
different [18–22]. In addition, in contrast to viscoelastic
materials, DRTS exhibit no memory effects [13, 18] which
significantly simplifies the problem as the state of stress
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Using Discontinuously Rate Thickening Suspensions (DRTS) as a model system, we show how
formation of Beads-on-a-String morphologies can be controlled through viscous drag in capillary
breakup of liquids. To minimize the e↵ect of gravity, we developed a new experimental method
where the filament is supported in a horizontal position at the surface of an immiscible oil bath by
the interfacial tension of the oil-air interface. We show that the evolution of thin DRTS filaments in
capillary breakup experiments and the process of formation of complex high aspect ratio structures
are well represented with a set of 1-dimensional equations solved numerically.

Complex, high aspect ratio structures, such as strings
with embedded functionalized elements ( generically de-
noted“beads”) (Figure 1), find applications in optics [1],
self-assembly [2], bioengineering [3] and custom material
design [4]. Recent studies show that such structures can
be created by polymerizing a liquid filament to arrest the
process of capillary breakup [1]. Currently, these Beads-
on-a-String (BOAS) structures are attained by exploit-
ing complex rheological properties of polymer solutions
[1, 5–7]. The factors a↵ecting the characteristics of the
resulting structures, such as size and relative placement
of beads, are still not completely understood [1, 5, 8].

In this letter, we show that formation of BOAS struc-
tures can be controlled using viscous drag. Placing a fila-
ment undergoing breakup in a bath of immiscible viscous
fluid results in the creation of a rich array of structures,
depending on the viscometric properties of both fluids
[9–11]. Here, we couple this e↵ect with Discontinuously
Rate Thickening Suspensions (DRTS) [12] to extend the
lifetime of the filament and enable formation of high as-
pect ratio structures. The defining feature of DRTS is a
sharp increase in viscosity at a critical deformation rate
�̇crit (Figure 2(b)) [13], characterized by a Weissenberg
number Wi = �̇fl/�̇crit, where �̇fl is the characteristic
deformation rate of the flow. DRTS are slightly shear-
thinning for Wi ⌧ 1, and thickening becomes relevant
when Wi ⇡ 1.

Capillary breakup is driven by surface tension and re-
sisted by other forces such as viscosity and inertia. In
a slender geometry, the rate of decay of the filament di-
ameter is set by the slowest rate process in the system
[14, 15]. In DRTS, this leads to decay at a fixed de-
formation rate �̇crit at late times – limited by the con-
comitant sharp increase in viscosity – resulting in the
development of a thread of axially uniform radius, which
thins exponentially (Figure 2(c)) [16, 17]. This behavior
is similar to capillary breakup of viscoelastic liquids, but
the underlying physical constraint on deformation rate is
di↵erent [18–22]. In addition, in contrast to viscoelastic
materials, DRTS exhibit no memory e↵ects [13, 18] which
significantly simplifies the problem as the state of stress
depends only on the instantaneous deformation rate, and
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FIG. 1. Typical Beads-on-a-String (BOAS) structures. (a)
Solution of poly(ethylene oxide) (PEO) in water, surrounded
by air. (b) Solution of PEO in water, in corn oil bath. (c)
Solution of polystyrene in styrene oil, in glycerol bath. (d)
Suspension of cornstarch in glycerol, in corn oil bath. (e)
Suspension of silica particles in water, in corn oil bath. Scale
bars: 1mm.

not on the accumulated strain.

Experiments were performed with a suspension of
cornstarch (argo) in glycerol (sigma, ⇢ = 1.261 kg/m3,
µ = 1.4 Pa s). The particle weight fraction was fixed
at 55%. The lowest viscosity of the suspension was
µ0 = 15Pas and the sharp increase in viscosity to µmax =
360 Pa s occurred between �̇ ⇡ 0.1-0.5s�1 (Figure 2(b)).
Although the dependence of DRTS rheology on mode of
deformation is still not well understood [16, 17], we use
the measured shear rheology with �̇crit ⇡ 0.1s�1 as a
useful proxy for understanding the behavior of these sus-
pensions in capillary breakup.

A small amount of the suspension was placed between
two rods which were then slowly separated until the sus-
pension formed an axially uniform fluid catenary. The
catenary was then gently placed on the surface of a bath
of an immiscible oil, and anchored at two glass micro-
scope slides, placed a distance 2L apart, level with the
surface of the oil (Figure 2). The interfacial tension be-
tween the suspension and oil (� = 13.7 mN/m) sup-
ported the filament at the surface of the bath. Two
oils of di↵erent viscosities were used: µhigh = 3.0 Pa s

FIG. 1. Typical Beads-on-a-String (BOAS) structures. (a)
Solution of poly(ethylene oxide) (PEO) in water, surrounded
by air. (b) Solution of PEO in water, in corn oil bath. (c)
Solution of polystyrene in styrene oil, in glycerol bath. (d)
Suspension of cornstarch in glycerol, in corn oil bath. (e)
Suspension of silica particles in water, in corn oil bath. Scale
bars: 1mm.

depends only on the instantaneous deformation rate, and
not on the accumulated strain.

Experiments were performed with a suspension of
cornstarch (argo) in glycerol (sigma, ρ = 1.261 kg/m3,
µ = 1.4 Pa s). The particle weight fraction was fixed
at 55%. The lowest viscosity of the suspension was
µ0 = 15Pas and the sharp increase in viscosity to µmax =
360 Pa s occurred between γ̇ ≈ 0.1-0.5s−1 (Fig. 2(b)).
Although the dependence of DRTS rheology on mode
of deformation is still not well understood [16, 17], we
use the measured shear rheology with γ̇crit ≈ 0.1s−1 as
a useful proxy for understanding the behavior of these
suspensions in capillary breakup.

A small amount of the suspension was placed between
two rods to form an axially uniform fluid catenary. The
catenary was then placed on the surface of a bath of an
immiscible oil, and anchored a distance 2L apart, level
with the surface of the oil (Fig. 2). The interfacial ten-
sion between the suspension and oil (σ = 13.7 mN/m)
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FIG. 2. (a) Experimental setup showing a DRTS catenary
supported by two rods, and a floating filament attached to
glass slides at both ends. The filament is held at the surface
of the oil bath by surface tension. (b) Dots: shear rheology
of 55% wt. suspension of cornstarch in glycerol, measured in
a parallel plate geometry. Dashed line: constitutive relation
used in simulations. (c) Dimensionless radius of a typical
filament as a function of time, with �̇exp = 0.1s�1. The shear
rheology of the suspension and the constitutive relation used
in the simulation are shown in (b).

(Poly-Alpha-Olefin, Cannon Instrument Company) and
µlow = 0.147 Pa s (mineral oil, CVS). The initial radius
of the filament R ranged between 0.5-1.5mm. Capillary
breakup of the filament proceeded at the surface of the oil
bath and was imaged from above with a video camera.
The main advantage of this method compared to typi-
cal capillary breakup instruments is that the filament re-
mains horizontal throughout the experiment, minimizing
the influence of gravity [16, 17, 23] and allowing filaments
with aspect ratios of L/R � 50 to develop.

After an initial transition period, the minimum radius
of the filament decreased at an exponentially decaying
rate hmin ⇠ exp(��̇expt/2) with �̇exp = 0.1s�1, which is
consistent with the onset of thickening in shear (Figure
2(b,c)). Subsequently, a small bulge appeared in the cen-
ter of the filament, and grew to become a small droplet
(“bead”) (Fig. 3(a)). The radius in the thinnest section
of the filament continued decaying exponentially, until
hmin ⇡ 10 particle diameters (⇡ 200-300 µm), at which
point the filament ruptured. For long filaments, second,
third and fourth generation beads appeared on the fil-
ament in a symmetrical arrangement about the central
primary bead (Figures 1(d),3(a)). While the results re-
ported in this letter are for a 55% wt. suspension of corn-
starch in glycerol, similar behavior was observed in rate-
thickening suspensions of cornstarch and silica in various
water-glycerol mixtures.

The geometry of the filament at the time of bead for-
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FIG. 3. (a) Experimental observations of capillary breakup of
a DRTS filament (left) and numerical solutions of (2)-(4) with
� = 8.45, Wi = 10.99 and Cd = 0.078 (right). (b) Dimen-
sionless minimum radius of the filament at bead formation
(hb/R) as a function of dimensionless length of the filament
(lb/R) for external oil viscosities µhigh = 3.0 Pa s (4) and
µlow = 0.147 Pa s (5).

mation, that is when dh/dt = 0 at the center of the
filament, can be characterized by the smallest radius of
the filament hb at that time and its length 2lb, as mea-
sured between the two bounding drops. For experiments
with filaments of various lengths in an oil of viscosity
µhigh = 3.0 Pa s, hb and lb are related through a power-
law with exponent 3/4 (Figure 3(c)). In oil of much lower
viscosity, µlow = 0.147 Pa s, the filament radius at bead
formation for a given filament length was smaller than in
the more viscous oil, and the correlation between hb and
lb was much weaker. The decrease in correlation between
hb and lb for lower viscosity oil resulted from a relative in-
crease in importance of the details of the microstructural
arrangement of the particles at small filament radii. As
this microstructure could not be controlled, it remains a
source of noise in the experiments [24].

To model formation of the bead structures, we consider
a long, axisymmetric filament with initial radius R and
length 2L, made of fluid of constant density ⇢ and rate-

dependent viscosity µ(�̇), where �̇ =
q

1/6 �̇ : �̇ and �̇ is

the rate-of-strain tensor (Figure 4). The filament is sub-
merged in a bath of immiscible Newtonian fluid of density
⇢env and viscosity µenv. The interfacial tension between
the two fluids is �. We use a cylindrical coordinate sys-
tem, with origin at the center of the filament. The radius
of the filament is denoted by h(z, t) with initial conditions
h(z, t = 0) = R(1 � ✏(1 + cos(⇡z/L))), where ✏ ⌧ 1 and
R ⌧ L. Under these conditions, the filament is unstable
and the initial disturbance grows at a characteristic rate
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FIG. 2. (a) Experimental setup showing a DRTS catenary
supported by two rods, and a floating filament attached to
glass slides at both ends. The filament is held at the surface
of the oil bath by surface tension. (b) Dots: shear rheology
of 55% wt. suspension of cornstarch in glycerol, measured in
a parallel plate geometry. Dashed line: constitutive relation
used in simulations. (c) Dimensionless radius of a typical
filament as a function of time, with �̇exp = 0.1s�1. The shear
rheology of the suspension and the constitutive relation used
in the simulation are shown in (b).

(Poly-Alpha-Olefin, Cannon Instrument Company) and
µlow = 0.147 Pa s (mineral oil, CVS). The initial radius
of the filament R ranged between 0.5-1.5mm. Capillary
breakup of the filament proceeded at the surface of the oil
bath and was imaged from above with a video camera.
The main advantage of this method compared to typi-
cal capillary breakup instruments is that the filament re-
mains horizontal throughout the experiment, minimizing
the influence of gravity [16, 17, 23] and allowing filaments
with aspect ratios of L/R � 50 to develop.

After an initial transition period, the minimum radius
of the filament decreased at an exponentially decaying
rate hmin ⇠ exp(��̇expt/2) with �̇exp = 0.1s�1, which is
consistent with the onset of thickening in shear (Figure
2(b,c)). Subsequently, a small bulge appeared in the cen-
ter of the filament, and grew to become a small droplet
(“bead”) (Fig. 3(a)). The radius in the thinnest section
of the filament continued decaying exponentially, until
hmin ⇡ 10 particle diameters (⇡ 200-300 µm), at which
point the filament ruptured. For long filaments, second,
third and fourth generation beads appeared on the fil-
ament in a symmetrical arrangement about the central
primary bead (Figures 1(d),3(a)). While the results re-
ported in this letter are for a 55% wt. suspension of corn-
starch in glycerol, similar behavior was observed in rate-
thickening suspensions of cornstarch and silica in various
water-glycerol mixtures.

The geometry of the filament at the time of bead for-
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FIG. 3. (a) Experimental observations of capillary breakup of
a DRTS filament (left) and numerical solutions of (2)-(4) with
� = 8.45, Wi = 10.99 and Cd = 0.078 (right). (b) Dimen-
sionless minimum radius of the filament at bead formation
(hb/R) as a function of dimensionless length of the filament
(lb/R) for external oil viscosities µhigh = 3.0 Pa s (4) and
µlow = 0.147 Pa s (5).

mation, that is when dh/dt = 0 at the center of the
filament, can be characterized by the smallest radius of
the filament hb at that time and its length 2lb, as mea-
sured between the two bounding drops. For experiments
with filaments of various lengths in an oil of viscosity
µhigh = 3.0 Pa s, hb and lb are related through a power-
law with exponent 3/4 (Figure 3(c)). In oil of much lower
viscosity, µlow = 0.147 Pa s, the filament radius at bead
formation for a given filament length was smaller than in
the more viscous oil, and the correlation between hb and
lb was much weaker. The decrease in correlation between
hb and lb for lower viscosity oil resulted from a relative in-
crease in importance of the details of the microstructural
arrangement of the particles at small filament radii. As
this microstructure could not be controlled, it remains a
source of noise in the experiments [24].

To model formation of the bead structures, we consider
a long, axisymmetric filament with initial radius R and
length 2L, made of fluid of constant density ⇢ and rate-

dependent viscosity µ(�̇), where �̇ =
q

1/6 �̇ : �̇ and �̇ is

the rate-of-strain tensor (Figure 4). The filament is sub-
merged in a bath of immiscible Newtonian fluid of density
⇢env and viscosity µenv. The interfacial tension between
the two fluids is �. We use a cylindrical coordinate sys-
tem, with origin at the center of the filament. The radius
of the filament is denoted by h(z, t) with initial conditions
h(z, t = 0) = R(1 � ✏(1 + cos(⇡z/L))), where ✏ ⌧ 1 and
R ⌧ L. Under these conditions, the filament is unstable
and the initial disturbance grows at a characteristic rate
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FIG. 2. (a) Experimental setup showing a DRTS catenary
supported by two rods, and a floating filament attached to
glass slides at both ends. The filament is held at the surface
of the oil bath by surface tension. (b) Dots: shear rheology
of 55% wt. suspension of cornstarch in glycerol, measured in
a parallel plate geometry. Dashed line: constitutive relation
used in simulations. (c) Dimensionless radius of a typical
filament as a function of time, with �̇exp = 0.1s�1. The shear
rheology of the suspension and the constitutive relation used
in the simulation are shown in (b).

(Poly-Alpha-Olefin, Cannon Instrument Company) and
µlow = 0.147 Pa s (mineral oil, CVS). The initial radius
of the filament R ranged between 0.5-1.5mm. Capillary
breakup of the filament proceeded at the surface of the oil
bath and was imaged from above with a video camera.
The main advantage of this method compared to typi-
cal capillary breakup instruments is that the filament re-
mains horizontal throughout the experiment, minimizing
the influence of gravity [16, 17, 23] and allowing filaments
with aspect ratios of L/R � 50 to develop.

After an initial transition period, the minimum radius
of the filament decreased at an exponentially decaying
rate hmin ⇠ exp(��̇expt/2) with �̇exp = 0.1s�1, which is
consistent with the onset of thickening in shear (Figure
2(b,c)). Subsequently, a small bulge appeared in the cen-
ter of the filament, and grew to become a small droplet
(“bead”) (Fig. 3(a)). The radius in the thinnest section
of the filament continued decaying exponentially, until
hmin ⇡ 10 particle diameters (⇡ 200-300 µm), at which
point the filament ruptured. For long filaments, second,
third and fourth generation beads appeared on the fil-
ament in a symmetrical arrangement about the central
primary bead (Figures 1(d),3(a)). While the results re-
ported in this letter are for a 55% wt. suspension of corn-
starch in glycerol, similar behavior was observed in rate-
thickening suspensions of cornstarch and silica in various
water-glycerol mixtures.

The geometry of the filament at the time of bead for-
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FIG. 3. (a) Experimental observations of capillary breakup of
a DRTS filament (left) and numerical solutions of (2)-(4) with
� = 8.45, Wi = 10.99 and Cd = 0.078 (right). (b) Dimen-
sionless minimum radius of the filament at bead formation
(hb/R) as a function of dimensionless length of the filament
(lb/R) for external oil viscosities µhigh = 3.0 Pa s (4) and
µlow = 0.147 Pa s (5).

mation, that is when dh/dt = 0 at the center of the
filament, can be characterized by the smallest radius of
the filament hb at that time and its length 2lb, as mea-
sured between the two bounding drops. For experiments
with filaments of various lengths in an oil of viscosity
µhigh = 3.0 Pa s, hb and lb are related through a power-
law with exponent 3/4 (Figure 3(c)). In oil of much lower
viscosity, µlow = 0.147 Pa s, the filament radius at bead
formation for a given filament length was smaller than in
the more viscous oil, and the correlation between hb and
lb was much weaker. The decrease in correlation between
hb and lb for lower viscosity oil resulted from a relative in-
crease in importance of the details of the microstructural
arrangement of the particles at small filament radii. As
this microstructure could not be controlled, it remains a
source of noise in the experiments [24].

To model formation of the bead structures, we consider
a long, axisymmetric filament with initial radius R and
length 2L, made of fluid of constant density ⇢ and rate-

dependent viscosity µ(�̇), where �̇ =
q

1/6 �̇ : �̇ and �̇ is

the rate-of-strain tensor (Figure 4). The filament is sub-
merged in a bath of immiscible Newtonian fluid of density
⇢env and viscosity µenv. The interfacial tension between
the two fluids is �. We use a cylindrical coordinate sys-
tem, with origin at the center of the filament. The radius
of the filament is denoted by h(z, t) with initial conditions
h(z, t = 0) = R(1 � ✏(1 + cos(⇡z/L))), where ✏ ⌧ 1 and
R ⌧ L. Under these conditions, the filament is unstable
and the initial disturbance grows at a characteristic rate
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FIG. 2. (color online). (a) Experimental setup showing a
DRTS catenary supported by two rods, and a floating filament
attached to glass slides at both ends. The filament is held
at the surface of the oil bath by surface tension. (b) Black
dots: shear rheology of 55% wt. suspension of cornstarch
in glycerol, measured in a parallel plate geometry. Dashed
red line: constitutive relation µ1, with α = 1, k = 5 and
γ̇crit = 0.1. Solid red line: constitutive relation µ2, with
β = 12, ξ = 1/6, γ̇crit = 0.29. (c) Dimensionless radius of a
typical filament as a function of time, with γ̇exp = 0.1 s−1.

supported the filament at the surface of the bath. Two
oils of different viscosities were used: µhigh = 3.0 Pa s
(Poly-Alpha-Olefin, Cannon Instrument Company) and
µlow = 0.147 Pa s (mineral oil, CVS). The initial radius
of the filament R ranged between 0.5-1.5mm. Capil-
lary breakup of the filament proceeded at the surface
of the oil bath and was imaged from above. The main
advantage of this method compared to typical capillary
breakup instruments is that the filament remains hori-
zontal throughout the experiment, minimizing the influ-
ence of gravity [16, 17, 23] and allowing filaments with
aspect ratios of L/R ≥ 50 to develop.

After an initial transition period, the minimum radius
of the filament decreased at an exponentially decaying
rate hmin ∼ exp(−γ̇expt/2) with γ̇exp = 0.1s−1, which
is consistent with the onset of thickening in shear (Fig.
2(b,c)). Subsequently, a small bulge appeared in the cen-
ter of the filament, and grew to become a small droplet
(“bead”) (Fig. 3(a)). The radius in the thinnest section
of the filament continued decaying exponentially, until
hmin ≈ 10 particle diameters (≈ 200-300 µm), at which
point the filament ruptured. For long filaments, second,
third and fourth generation beads appeared on the fil-
ament in a symmetrical arrangement about the central
primary bead (Figs. 1(d), 3(a)). While the results re-
ported in this letter are for a 55% wt. suspension of corn-
starch in glycerol, similar behavior was observed in rate-
thickening suspensions of cornstarch and silica in various
water-glycerol mixtures.

The geometry of the filament at the time of bead for-
mation, that is when dh/dt = 0 at the center of the
filament, can be characterized by the smallest radius of
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FIG. 3. (color online). (a) Experimental observations of
capillary breakup of a DRTS filament (left) and (b) numer-
ical solutions of (1)-(??) using µ1 shown in Fig. 2(b), and
λ = 8.45, Wi = 10.99 and Cd = 0.078 (right). (c) Dimen-
sionless minimum radius of the filament at bead formation
(hb/R) as a function of dimensionless length of the filament
(lb/R) for external oil viscosities µhigh = 3.0 Pa s (4) and
µlow = 0.147 Pa s (5).

the filament hb at that time and its length 2lb, as mea-
sured between the two bounding drops. For experiments
with filaments of various lengths in an oil of viscosity
µhigh = 3.0 Pa s, hb and lb are related through a power-
law with exponent 3/4 (Fig. 3(c)). In oil of much lower
viscosity, µlow = 0.147 Pa s, the filament radius at bead
formation for a given filament length was smaller than in
the more viscous oil, and the correlation between hb and
lb was much weaker. This weaker correlation between hb
and lb for lower viscosity oil resulted from a relative in-
crease in importance of the details of the microstructural
arrangement of the particles at small filament radii. As
this microstructure could not be controlled, it remains a
source of noise in the experiments [24].

To model formation of the bead structures, we con-
sider a long, axisymmetric filament with initial radius R
and length 2L, made of fluid of constant density ρ and

rate-dependent viscosity µ(γ̇), where γ̇ =
√

(γ̇ : γ̇)/2 and

γ̇ is the rate-of-strain tensor (Fig. 4). The filament is

submerged in a bath of immiscible Newtonian fluid of
density ρenv and viscosity µenv. The interfacial tension
between the two fluids is σ. We use a cylindrical coor-
dinate system, with origin at the center of the filament.
The radius of the filament is denoted by h(z, t) with ini-
tial conditions h(z, t = 0) = R(1 − ε(1 + cos(πz/L))/2),
where ε� 1 and R� L. Under these conditions, the fil-
ament is unstable and the initial disturbance grows at a
characteristic rate γ̇inst = σ/(µ0R). To describe the evo-
lution of the slender filament, we use 1D approximations
to the momentum and mass balance equations, derived
for Newtonian filaments by Eggers and DuPont [25], and
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successfully adapted for shear-thinning filaments [26]. In
our experiments, the Ohnesorge number, a measure of
relative importance of viscous and inertial effects in sur-
face tension driven flows, is Oh = µ0/

√
ρσR ≈ 70. Thus,

neglecting inertia, the dimensionless versions of the gov-
erning equations are

0 =
∂

∂z
[T (z)]− Cdv, 0 =

∂h2

∂t
+

∂

∂z

(
h2v
)
. (1)

In nondimensionalizing these equations characteristic
scales were chosen as R (length), Λ = γ̇−1

inst (time) and
V = R/Λ (velocity). For convenience, from now on
we consider dimensionless quantities only, and drop the
tildes. The total dimensionless tension in the filament
cross-section is given by T (z) = h2 (κ+ 3µ (γ̇) ∂v/∂z),
with

κ =
1

h
√

1 + h′2
+

h′′

(1 + h′2)3/2
, (2)

where prime represents differentiation with respect to
z [6] [27]. We investigated two models for the viscos-
ity of the suspension: the first model, µ1(γ̇) = µ/µ0 =
1
k

[
(
√

3−Wi γ̇)−α + (
√

3 +Wi γ̇)−α − 2
]
+1 diverges as

∂v/∂z → Wi−1 with parameters k and α controlling
the steepness of the divergence [28]; the second model,
µ2(γ̇) = β

[
erf
(
ξ
(
Wi γ̇ −

√
3
))

+ erf
(
ξ
(
−Wi γ̇ −

√
3
))

−2 erf(−ξ)]+1, where β and ξ are adjustable parameters,
closely follows the experimentally measured constitutive
relation, and does not diverge (Fig. 2(b)).

The model µ1, which is amenable to theoretical anal-
ysis, assumes that the dimensionless elongation rate of
the filament may never exceed Wi−1, regardless of the
applied stress. The limitations of this simplified model
are investigated by comparing it to the more accurate
model µ2, which is too complex for analytical considera-
tion, but can be implemented in numerical simulations.

The evolution equations and boundary conditions con-
tain three dimensionless groups: Wi, Cd, and λ which
is the distance from the center of the filament to the
base of the bounding drop, and can be approximated as
λ = L− (3/2L)1/3, where 2L is the dimensionless initial
length of the filament (Fig. 4).

If µ0 � µenv, which is the case in our experiments,
the filament acts like a rigid rod translating along its
axis, and the drag coefficient can be derived from slender
body theory [11, 29]. Thus, the coefficient of drag exerted
on the filament by the outer fluid is defined as Cd =
2µenv/(µ0 ln(λ/hmin)). In this regime, the viscosity of
the external fluid has a negligible effect on the initial
instability of the filament, but becomes significant when
hmin � 1.

Equations (1) were solved for an initially stationary fil-
ament, subject to symmetry and no-flux boundary con-
ditions on the domain 〈0, L〉 with an upwinded finite vol-
ume scheme using Newton’s method, for both constitu-
tive relation models. The evolution of the filament shape

3

�̇inst = �/(µ0R). To describe the evolution of the slen-
der filament, we use 1D approximations to the momen-
tum and mass balance equations, derived for Newtonian
filaments by Eggers and DuPont [25], and successfully
adapted for shear-thinning filaments [26]. The dimen-
sionless versions of the governing equations are

Dṽ
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= Oh2
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where the tilde signifies a dimensionless quantity. In
nondimensionalizing these equations characteristic scales
were chosen as R (length), ⇤ = �̇�1

inst (time) and V = R/⇤
(velocity). The total tension in the filament cross-section
is given by T (z̃) = h̃2

�
̃ + 3µ̃

�
˜̇�
�
˜̇�
�
, with

̃ =
1

h̃
p

1 + h̃02
+

h̃00

(1 + h̃02)3/2
, (3)

where prime represents di↵erentiation with respect to z̃
[6] [27]. The dimensionless viscosity µ̃(˜̇�) = µ/µ0 =
1
k

⇥
(1 � Wi ˜̇�)�↵ + (1 + Wi ˜̇�)�↵ � 2

⇤
+ 1 diverges as

˜̇� ! Wi�1 with parameters k and ↵ controlling the steep-
ness of the divergence. Although simplistic, this constitu-
tive model captures the most important aspect of DRTS
behavior in capillary breakup, namely the limitation of
the dimensionless deformation rate to Wi�1. In solutions
reported here ↵ = 1 and k = 5. The qualitative behav-
ior of solutions was the same for other values of these
parameters. For convenience, from now on we consider
dimensionless quantities only, and drop the tildes.

The Ohnesorge number, which is a measure of rela-
tive importance of viscous and inertial e↵ects in surface
tension driven flows, is defined as Oh = µ0/

p
⇢�R. In

our experiments, Oh ⇡ 70, hence we consider the case
Oh � 1, in which inertia is negligible and equation (1)
becomes

0 =
@

@z
[T (z)] � Cdv. (4)

Under these conditions, the evolution equations contain
three dimensionless groups: Wi, Cd, and the dimension-
less length scale �. � is the distance from the center of
the filament to where the filament becomes stationary,
and can be approximated as � = L � (3/2L)1/3, where
2L is the dimensionless initial length of the filament (Fig-
ure 4). The coe�cient of drag exerted on the filament by
the outer fluid is defined as Cd = 2µenv/(µ0 ln(�)). If
µ0 � µenv, the filament acts like a rigid rod translat-
ing along its axis, and the drag coe�cient can be derived
from slender body theory [11, 28]. In this regime, the vis-
cosity of the external fluid has a negligible e↵ect on the
initial instability of the filament, but becomes significant
when h ⌧ 1.

2L
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1

1/Wi
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FIG. 4. Initial (thin, dashed) and late-time (solid) filament
shapes and velocity fields from a numerical solution of (2)-(4)
with Cd = 0 and �/Wi < 1/3. Thick dashed line represents
theoretical shape in domain h�/2,�i. The solution domain is
enclosed in the dashed rectangle in the upper inset. Relative
size of the initial disturbance ✏ is exaggerated for clarity. The
velocity field reaches a steady state, where the velocity gra-
dient @v/@z is limited to ±Wi�1 in the region h0,�i. Lower
inset: experimental photograph.

Equations (2)-(4) were solved for an initially station-
ary filament, subject to symmetry and no-flux boundary
conditions on the domain h0, Li with an upwinded finite
volume scheme using Newton’s method. The evolution
of the filament shape along with corresponding experi-
mental images is shown in(Figure 2(c),3(a,b)).

When Cd = 0, there is no external viscous drag, and
the filament evolution depends on Wi and � only. Un-
der these conditions, as expected, the filament initially
evolves as a Newtonian fluid, but eventually transitions
to an exponentially decaying rate hmin ⇠ exp(�t/(2Wi))
(Figure 2(c)). The deformation rate arrests at Wi�1 due
to the rapid increase in viscosity, and therefore the veloc-
ity field in the filament approaches a steady state, where
|@v/@z| = Wi�1. (Figure 4).

The deviation from Newtonian behavior occurs when
the viscous stress ⌧ = µ(�̇)�̇ in the filament reaches
Wi�1. The essential distinction of the thinning process
in a DRTS fluid is that the viscous stress inside the fil-
ament attains a steady value ⌧max, in contrast to New-
tonian fluids and polymer solutions, where the stress in-
side the filament grows as ⇠ h�1

min [6] [29]. The rescaled
value of the maximum viscous stress ⌧max� can be rep-
resented as a function of a single parameter �/Wi. For
�/Wi < 2/3 we find 3⌧max� ⇡ 2 and for �/Wi > 2/3 we
find ⌧max� ⇡ �/Wi. These two regimes and the thresh-
old value �/Wi ⇡ 2/3 are captured by simulations (Fig-
ure 5).

Next we consider the filament evolution with Cd 6= 0.
For �/Wi < 2/3, the filament velocity eventually reaches
steady state in which the velocity for 0 < z < �/2 is
given by v = Wi�1z. Substituting this expression into
equation (4) and integrating yields

T (z)|�/2
0 =

Z �/2

0

CdWi�1zdz =
1

2
CdWi�1

✓
�

2

◆2

. (5)

Since h = hmin in this region, substituting equation (3)

FIG. 4. (color online). Initial (thin, dashed) and late-time
(solid) filament shapes and velocity fields from a numerical
solution of (1) with Cd = 0 and λ/Wi < 2/3. Thick dashed
line represents theoretical shape in domain 〈λ/2, λ〉. The so-
lution domain is enclosed in the dashed rectangle in the upper
inset. Relative size of the initial disturbance ε is exaggerated
for clarity. The velocity field reaches a steady state, where
the velocity gradient ∂v/∂z is limited to ±Wi−1 in the re-
gion 〈0, λ〉. Lower inset: experimental photograph.

along with corresponding experimental images are shown
in Figures 2(c) and 3(a,b).

As expected, the filament initially evolves as a Newto-
nian fluid, but eventually transitions to an exponentially
decaying rate hmin ∼ exp(−t/(2Wi)) (Fig. 2(c)), due to
the rapid increase in viscosity at ∂v/∂z ≈ Wi−1. The
deviation from Newtonian behavior occurs when the vis-
cous stress τ = µ(γ̇)∂v/∂z in the filament reaches Wi−1,
and |∂v/∂z| ≈Wi−1 (Fig. 4).

A bead begins to form when the deformation rate at
the center of the filament becomes smaller than the defor-
mation rate in other parts of the filament, namely when
the viscous stress at the center of the filament decreases
below Wi−1. When this happens, a small bulge appears
in the middle of the filament due to volume conservation.
This leads to a reversal in the direction of the net surface
tension force, which drives flow towards the bulge, lead-
ing to formation and growth of the first bead. Therefore,
the first bead forms at the center of the filament when
3µ(γ̇)γ̇|z=0 = 3Wi−1. To relate this criterion to the ob-
servable aspect ratio λ/hmin of the thinning filament, we
consider the evolution of a filament with constitutive re-
lation µ1.

For Cd = 0 and µ1, simulations show that the viscous
stress inside the filament attains a steady value τmax at
late times, in contrast to Newtonian fluids and polymer
solutions, where the stress inside the filament grows as
∼ h−1

min [6]. The rescaled value of this maximum viscous
stress τmaxλ can be represented as a function of a single
parameter λ/Wi. For λ/Wi < 2/3 we find 3τmaxλ ≈ 2
and for λ/Wi > 2/3 we find τmaxλ ∼ λ/Wi [30]. These
two predicted regimes and the threshold value λ/Wi ≈
2/3 are captured by simulations (Fig. 5).

Next, we evaluate the variation in T (z) when Cd 6= 0.
For λ/Wi < 2/3, the filament velocity eventually reaches
steady state in which the velocity for 0 < z < λ/2 is given
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FIG. 5. (color online). Comparison of simulation and exper-
imental results. Blue squares: simulations with µ1, Cd = 0.
Black crosses: simulations with µ1 and Cd 6= 0. Green trian-
gles: simulations with µ2 and Cd 6= 0. Red Circles: exper-
imental results; each mark represents formation of the first,
central bead. The value of the ordinate is 3τmaxλ for simula-
tions with Cd = 0, and 3τbeadλ for simulations with Cd 6= 0
and for experiments.

by v = Wi−1z (Fig. 4). Substituting this expression into
equation (1) and integrating yields

T (z)|λ/20 =

∫ λ/2

0

CdWi−1zdz =
1

2
CdWi−1

(
λ

2

)2

. (3)

Since h = hmin in this region, substituting equation (2)
into (3) leads to

3µ(γ̇)γ̇|z=λ/2z=0 =
1

2
CdWi−1

(
λ

2hmin

)2

. (4)

The beading criterion may thus be expressed as

3µ(γ̇)γ̇|z=λ/2 = 3τbead =
1

2

Cd
Wi

(
λ

2hmin

)2

+
3

Wi
. (5)

We relate τbead to τmax via τbead ≈ τmaxf(λ) where f ≤
1, and f depends on the shape of the filament. We expect
the rescaled viscous stress at bead formation τbeadλ to
collapse on the curve formed by τmaxλ in Figure 5, with
a possible positive deviation due to f(λ). This is indeed
the case, and the numerical results show that f(λ) ≈ 1
for 3λ < 2Wi and f(λ) ∼ λ−1/4 for 3λ > 2Wi (Fig. 5).

The rescaled stress at bead formation 3τbeadλ for sim-
ulations using constitutive relation µ2, plotted in Fig-
ure 5 for parameters corresponding to our experiments,
shows significant variaton from simulations using µ1 for
λ/Wi < 2/3. The reason for this discrepancy is that,
under the simplified viscosity model µ1, the deformation
rate may not exceed Wi−1, and the viscous stress is un-
bounded. As a result, the stress inside the filament be-
comes dependent on λ for short filaments and relatively
fast drainage rates. However, in a real suspension the
viscosity increases in a more gradual way, and the de-
formation rate continues to increase slowly throughout
the filament’s evolution. This is reflected in simulations
using the more realistic viscosity model µ2, which allows
for a gradual increase in deformation rate, and limits the
viscous stress.

The beading criterion expressed in terms of experimen-
tal variables is

3τbeadλ =

(
µ0

2µenv ln(lb/hb)

(
lb

2hb

)2

+ 3

)
γ̇exp

σ/µ0R

lb
R

(6)

The additional factor of 1/2 in front of the drag term in
equation (6) accounts for only half the circumference of
the thinning filament being exposed to the outer fluid in
the experiments. The experimental data for µhigh, shown
in Figure 3(c) is replotted in Figure 5 using equation (6),
showing satisfactory agreement with simulations using
constitutive relation µ2.

In conclusion, the viscous drag force from an exter-
nal fluid can be used in capillary breakup processes to
generate complex high-aspect-ratio structures, such as
Beads-on-a-String. In general, surface tension-driven in-
stabilities can be used to generate complex geometries
at small scales [8, 31] and allow use of efficient microflu-
idic techniques for processing [32]. The ability to exploit
external viscous drag to influence the process of bead for-
mation is not specific to DRTS. As Figure 1 shows, the
same principle can be used to provoke bead formation in
polymer solutions. Understanding the effect of drag in
the context of viscoelastic polymer dynamics, however,
requires analysis more complex than presented here. Fi-
nally, we note that, despite recent progress, behavior of
rate thickening suspensions remains poorly understood in
flows other than simple shear. The experimental method
developed in this study allows easy characterization of
DRTS in flows dominated by elongation, raising the pos-
sibility of investigating the rate-thickening effect in more
general kinematics.
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