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The breakup and atomization of complex fluids can be markedly different than the analogous
processes in a simple Newtonian fluid. Here we investigate the ligament-mediated fragmentation
dynamics of viscoelastic fluids in three different canonical flows. The size distributions measured in
each viscoelastic fragmentation process show a systematic broadening from the Newtonian solvent.
In each case the droplet sizes are well described by Gamma distributions which correspond to a
fragmentation/coalescence scenario. We use a prototypical axial step strain experiment together
with high-speed video imaging to show that this broadening results from the pronounced change
in the corrugated shape of viscoelastic ligaments as they separate from the liquid core. These
corrugations saturate in amplitude and the measured distributions for viscoelastic liquids in each
process are given by a universal probability density function, corresponding to a Gamma distribution
with nmin = 4. The breadth of this size distribution for viscoelastic filaments is shown to be
constrained by a geometrical limit which can not be exceeded in ligament-mediated fragmentation
phenomena.

Fragmentation and droplet formation from a viscoelas-
tic jet or sheet is a fundamental component of many in-
dustrial and biological processes [1, 2]. Atomization of
paint, combustion of fuels containing anti-misting agents
and pharmaceutical sprays as well as involuntary phys-
iological processes such as sneezing are common exam-
ples in which the atomized liquid contains synthetic or
biological macromolecules that result in viscoelastic fluid
characteristics. One important metric of a fragmentation
process is the final droplet size distribution, and under-
standing the role of material properties (e.g. fluid vis-
cosity and relaxation time) on the polydispersity of such
distributions is of crucial importance in many applica-
tions [3, 4].
The process of liquid fragmentation for simple Newtonian
liquids in natural phenomena such as the distribution of
rain drops has fascinated scientists from ancient times
[5] to modern [6–8]. Recent studies by Villermaux and
coworkers [7, 9–11] have shown that old paradigms for
understanding disintegration of Newtonian liquids, based
primarily on either cascade theory [12] (leading to log-
normal size distributions) or maximum entropy theories
[13] (leading to Poisson size distributions) do not ade-
quately capture all physical aspects of these atomization
processes. Villermaux et al. [10] show that the atom-
ization process for Newtonian liquids can be precisely
described by a fragmentation/coalescence scenario [14].
The final droplet size distribution predicted from this
fragmentation/coalescence scenario is a Gamma distri-
bution in which the probability density function (PDF)
for a given droplet size [7] is given by

p(x = d/⟨d⟩) = Γ(n,x = d/⟨d⟩) ≡ (nn/Γ(n))xn−1e−nx (1)

where ⟨d⟩ is the mean or average size[15]. The scale factor
n determines how narrow the size distribution is: large

values of n indicate a narrow distribution around the
average value and small values of n describe a broader
distribution with proportionally larger numbers of both
small and large droplet sizes. The reported values of n
for fragmentation processes of Newtonian liquids are typ-
ically in the range of 6 ≤ n ≤ 9 [7].
In complex fluids, studies of many capillary-related phe-
nomena (such as capillary breakup of filaments [16, 17]
and liquid sheets [18]) have shown interesting and coun-
terintuitive elastic effects. However, there is a paucity of
fundamental quantitative knowledge regarding the dy-
namics of fragmentation. Experimental studies [19–25]
have shown that addition of viscoelasticity can inhibit
fragmentation in atomizers, and results in higher val-
ues of the average diameter ⟨d⟩ for viscoelastic liquid
droplets. Most recently, work by Keshavarz et al.[26] has
made use of scaling arguments to develop a model pre-
dicting the evolution in ⟨d⟩ as a function of dimensionless
parameters such as the Ohnesorge (Oh ≡ η/

√
ρσR0) and

Deborah (De ≡ τE/
√
ρR3

0/σ) numbers which characterize
viscous and elastic effects in the spray process. Here η is
the shear viscosity of the liquid, σ is the surface tension
and τE is the characteristic relaxation time for the vis-
coelastic liquid. The model predicts a slow, logarithmic
growth of ⟨d⟩ with De, which agrees with experimen-
tal spray measurements. However none of these studies
address the role of viscoelasticity on changing the distri-
bution of droplet sizes. The few attempts in the litera-
ture to address the size distributions for polymeric liquids
[27, 28] base their assumptions on older paradigms such
as cascade or maximum entropy theories, which do not
correspond to the physical picture described by the frag-
mentation/coalescence scenario that quantifies the New-
tonian size distributions [7, 29].
The dramatic change in the inertio-elastic breakup of a
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high speed jet during air-assisted atomization is illus-
trated in Fig. 1. As previously noted [30], the large
scale features remain unchanged but the addition of a
high molecular weight polymer results in finer scale struc-
tures such as atomized droplets that remain connected
to the core jet by thin viscoelastic ligaments. The life-
time of these ligaments depends on the extensional vis-
cosity of the fluid, and it is well known that adding di-
lute amounts of a high molecular weight flexible macro-
molecule to a Newtonian solvent will keep the shear vis-
cosity almost unchanged, whereas the extensional viscos-
ity will increase dramatically [31, 32].
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FIG. 1. (color online). Snapshot of the liquid jet in the air-
assisted atomization for (a) the Newtonian solvent and (b) the
viscoelastic solution (PEO-300K-0.01% wt. in the solvent).

In order to quantitatively study the effects of viscoelastic-
ity on fragmentation dynamics, we have used four differ-
ent dilute polymeric solutions and three different canon-
ical atomization processes. Table 1 summarizes the ma-
terial properties of these tested fluids.

TABLE I. Properties of the viscoelastic test fluids.

Mw c/c∗ η0[mPa.s] τE[µs] L De Oh

300K (0.036,0.36) (3.21,3.32) (60,360) 27 (0.2,1.3) 0.04

1000K (0.07,0.37) (3.22,3.31) (996,2800) 50 (3.6,10) 0.04

All four solutions are made by dissolving small amounts
of poly(ethylene oxide) (PEO) of different average molec-
ular weights (300 kg/mol and 1000 kg/mol) in a water-
glycerol (60-40%wt.) solvent. The coil overlap concen-
trations are respectively c∗ = 0.28% and 0.14% for the
300K and 1000K solutions. An important measure for
the extensional properties of these fluids is the timescale
characterizing the chain unraveling process in an elon-
gational flow [33], referred to as the elongational re-
laxation time (τE). We show in the S.I. that beyond
a critical strain rate (ε̇ ≳ τ−1E ) the extensional viscos-
ity of these solutions increases dramatically. This crit-
ical strain rate varies with the molecular weight and
concentration[34–36]. It can easily be exceeded in the
final stages of atomization for many complex fluids in
which capillary-driven pinch off processes lead to thin
threads (R(t) → 0) and extremely high values of the lo-
cal strain rate ε̇(t) ∼ −2Ṙ/R(t). Thus, when compared
to the corresponding Newtonian solvent, the enhanced
extensional viscosity of a dilute solution will inhibit the
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FIG. 2. (color online).(a) Images from the fragmentation pro-
cess for a Newtonian ligament (with the index n = 8). The
coalescence of the neighboring blobs in the ligament at t = 0
(magenta circles on the left image) results in the final distribu-
tion of droplet sizes at t = 25ms. (b) Droplet size distributions
for all tested liquids in the air-assisted atomization process.
For each fluid we specify the values of Ohnesorge and Debo-
rah number,{Oh,De}:(◻){Oh = 0.04,De = 0}, (△){0.04,0.2},
(△){0.04,1.3}, (●){0.04,3.6}, (●){0.04,10.0}. Solid lines are
Gamma distributions for n = 6 (black) and n = 4 (red).

capillary-driven thinning of liquid ligaments and may be
anticipated to retard the subsequent atomization process.
To illustrate the fragmentation/coalescence process we
show in Fig. 2(a) the break up of a single fluid fila-
ment (drawn rapidly out of a bath of fluid) into a set
of droplets. This process is a capillary-dominated com-
petitive phenomena between the neighboring liquid blobs
that initially emerge on the ligament (shown as magenta
circles). The geometry of the precursor liquid thread sets
the size distribution of these initial blobs. Knowing that
the geometry of the initial ligaments determines the fi-
nal droplet size distribution in a Newtonian spray [7],
we analyzed the droplet size distribution for the Newto-
nian solvent and all four viscoelastic solutions, gathering
a set of almost five thousand droplets for each liquid.
In Fig. 2(b) we show the PDF for the Newtonian sol-
vent and for all four viscoelastic test fluids (correspond-
ing to 0.2 ≤ De ≤ 10). Remarkably, the viscoelastic so-
lutions show a universal behavior which is independent
of both the molecular weight and the concentration of
the dissolved polymer. All show a size distribution that
is well described by a Gamma distribution; however it
is clear that the polymer solutions have a much broader
size distribution. The viscoelastic data is characterized
by a Gamma distribution with n = 4 (compared to n = 6
for the Newtonian solvent). As in the Newtonian case,
the corresponding best fit from a Log-normal distribution
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FIG. 3. (color online). (a) Sudden stretch experiment for a viscoelastic solution at high strain rates (¯̇ε ≃ 120s−1). (b) Schematics
of a cylindrical ligament with initial radius r0 corrugated by perturbations with similar wavelengths but varying amplitude ξ.
(c) Ligament profiles for the Newtonian solvent (blue curve) compared with the viscoelastic solution (red curve) at the breaking
point from the liquid hemispherical reservoirs (t = 0). The dashed circles indicate the local proto-blobs inside each ligament.

fails to correctly capture the probability distributions at
large sizes (identical trends are obtained in atomization
tests with paint ‘resins’ consisting of aqueous polymer
dispersions; see the S.I. for details).
Studies by Villermaux and coworkers [10, 11, 37] for New-
tonian fluids have shown that the value of n characteriz-
ing the final Gamma distribution is determined by the
smoothness of the initial ligaments when they detach
from the core liquid jet. In other words, the index n is a
measure of the corrugation in the initial ligaments which
the final spray of droplets inherits in its size distribution.
They show that the value of n can be predicted just by
recording the geometrical shape of the initial ligament:

n ≡ ⟨d⟩20/(⟨d2⟩0 − ⟨d⟩20) (2)

in which ⟨...⟩ indicates a number average and di = 2ri are
the diameters of the proto-blobs that one can fit in the
profile of the ligament at the instant of pinch-off from the
core liquid jet (shown with magenta circles in Fig. 2(a)
and by the dashed circles in Fig. 3(c) above). A very
uniform ligament at t = 0 (in which axial fluctuations in
the local blob diameters are almost negligible) leads to
a very large value of n and, consequently, a very narrow
final droplet size distribution. By contrast, a highly cor-
rugated initial ligament in which fluctuations in the local
blob diameters are large, leads to smaller values of n and
broader size distributions.
The universal decrease in the values of n for viscoelastic
sprays arises from the high extensional viscosity which
changes the geometry of initial ligaments from smooth
to more corrugated shapes. Tracking the geometry of
ligaments in high speed processes such as atomization is
an ongoing visualization challenge. A much simpler test,
which still illustrates these effects of fluid rheology on the
ligament shape at initial times, is an axial ‘step-strain’
test, consisting of a liquid sample confined between two
cylindrical plates which are then separated at relatively
high stretch rates. The dynamics of fragmentation can
be properly replicated through such a test [37] and we use
this geometry to study the configuration of viscoelastic
ligaments at short times after separation from the liq-
uid core. Fig. 3(a) shows a montage of images for the

PEO 300K solution (c/c∗ = 0.36). The fast dynamics of
the initial capillary thinning forms capillary waves on the
ligament as soon as it separates from the liquid cusps that
develop due to the strong squeezing flow in the necks of
the ligaments. In contrast to Newtonian liquids (where
capillary thinning rapidly leads to droplet pinch off), in
viscoelastic ligaments the squeezing flow leads to a lo-
calized high strain rate in the neck and the elongating
liquid elements resist pinch off due to the enhanced ex-
tensional viscosity [16]. This localized elongational flow
leads to a highly corrugated beads-on-a-string morphol-
ogy [16, 17, 38, 39]. The viscoelastic ligament in Fig.
3(c) has a more corrugated shape compared to the cor-
responding Newtonian case and axial variations in the
diameter of local blobs di(z) are much larger than the
corresponding Newtonian case. As shown in Fig. 3(b),
the distribution of blob sizes can be determined by iden-
tifying space filling spheres located at positions where
the wavy profile is locally a peak or a trough; thus the
radius of the ith blob is ri = r0 + ξi in which r0 is the
radius of the undisturbed ligament and ξi is the devia-
tion of the peak (ξi > 0) or trough (ξi < 0). The resulting
values of n are calculated using Eqn.(2) and show a dras-
tic decrease from n ≃ 51 for the Newtonian solvent to
n ≃ 4 for the viscoelastic solution [40]. These changes
in the distribution of corrugations are triggered in all of
the viscoelastic fluids, regardless of either polymer con-
centration or molecular weight, because of the diverging
nature of the local strain rate ε̇(t) in the necking fila-
ment, which ultimately induces coil-stretch transition in
all of the polymer solutions studied.
To understand the universal saturation in the atomiza-
tion behavior (n → 4) we investigate the origins of the
corrugations in more detail. Interfacial disturbances on
a ligament can be generated from a combination of cap-
illary and shear instabilities. The resulting ligament pro-
file deviates from cylindrical r(z) = r0 by wave-like modu-
lations of an arbitrary form [41, 42] that change the distri-
bution of the initial blobs in a ligament from a monodis-
perse distribution (ri = r0 and n → ∞) on a perfectly
smooth cylinder to broader distributions (ri = r0+ξi) with
progressively lower values of n. The amplitude of the per-
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turbations can not exceed the radius of the ligament (thus
we expect −r0 ≤ ξi ≤ r0) and due to the random wavy na-
ture of corrugations we also expect ⟨ξi⟩ = 0. Upon substi-
tuting these expressions, Eqn.(2) simplifies to n = r20/⟨ξ2i ⟩.
While the geometrical constraint ∣ξi∣ ≤ r0 gives a min-
imum value of nmin = 1 for randomly distributed fluc-
tuations, such a tortuous profile is physically impossible
since the corrugated shape would contain a higher vol-
ume than the original cylindrical ligament. To satisfy
conservation of volume inside the isolated ligament, an
additional constraint must be imposed on the third mo-
ment of the blob radii distribution, giving ⟨r3i ⟩ ≤ (3/2)r30
[43]. Substituting ri = r0 + ξi and averaging, this new
constraint can be simplified to 3r0⟨ξ2i ⟩ + ⟨ξ3i ⟩ ≤ (1/2)r30.
By introducing a new dimensionless amplitude parame-
ter (−1 ≤ αi ≡ ξi/r0 ≤ 1) the constraints on the initial
blob size distributions can thus be rewritten as:

⟨αi⟩ = 0 : random wavy nature of corrugations (3a)

3⟨α2
i ⟩ + ⟨α3

i ⟩ ≤ 1/2 : conservation of volume (3b)

Recognizing that n = 1/⟨α2
i ⟩, the last constraint in

Eqn.(3) can be rewritten as min{6/ (1 − 2⟨α3
i ⟩)} ≤ n.

The minimum value of the function 6/ (1 − 2⟨α3
i ⟩) will

thus set the minimum for the index n in a geometri-
cally constrained ligament with constant volume. This
minimum is obviously achieved when ⟨α3

i ⟩ attains its
most negative value, also subject to Eqn.(3a). By
trigonometry, introducing a simple variable transforma-
tion of αi = cos(θi) we can rewrite ⟨α3

i ⟩ = ⟨cos3(θi)⟩ =
(1/4)⟨[cos(3θi) + 3 cos(θi)]⟩. Using the first condition in
Equation 3, this reduces to ⟨α3

i ⟩ = (1/4)⟨cos(3θi)⟩, which
lies between −1/4 and +1/4. Thus it is clear that the
exponent n can not be lower than the minimum value
of nmin = 6/ (1 − 2⟨α3

i ⟩) = 4. This proof for a minimum
value of nmin = 4 is consistent with earlier scaling argu-
ments that the geometric roughness of the initial liga-
ments will reach a saturation limit which is set purely by
geometry and volume constraints [29].
Knowing that pronounced viscoelastic effects in dilute
solutions are manifested in strong elongational flows
we performed similar fragmentation tests in two other
ligament-meditated fragmentation processes. First we
studied drop impact experiments in which a liquid drop
(D ∼ 4mm) impacts on a small target of comparable di-
ameter at high Weber numbers (We = ρV 2D/σ ≳ 400).
As shown in Fig. 4(a), following impact, a curtain of liq-
uid expands outwards from the target and finally bursts
into a set of tiny droplets. We also considered jet impact
atomization consisting of two identical liquid jets (same
liquid, velocity and diameter) that collide with each other
at a fixed angle (shown in Figure 4(b-i)) [44]. Viller-
maux and coworkers [45, 46] have shown for Newtonian
fluids that ligament-meditated fragmentation also occurs
in these types of atomization. Droplet visualization in
both processes shows that viscoelasticity again leads to
larger numbers of both big and small drops in the final
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FIG. 4. (color online). (a) Fragmentation after drop im-
pact on a small target. Montage of images for (i) the New-
tonian solvent and (ii) a polymer solution (PEO 300K). (b)
Snapshots of the droplets captured after fragmentation by jet
impact atomization for (i) the Newtonian solvent and (ii) vis-
coelastic solution. (c) Summary of the measured values of
the dispersity SMD/⟨d⟩ in three different fragmentation pro-
cesses for both the Newtonian solvent (blue) and the viscoelas-
tic solutions (red) compared with the theoretical prediction
(solid line).

fragments (Figures 4(a-ii) and 4(b-iii)), whereas in the
Newtonian case the drop sizes are narrower. A summary
of the measured breadth of the droplet size distributions
for these two new tests, along with data from air-assisted
atomization is shown in Fig. 4(c). We show the values
of the Sauter Mean Diameter (SMD ≡ ∑d3i /∑d2i ) com-
puted directly from the measured droplet size distribu-
tions and normalized by the average diameter (⟨d⟩) versus
the measured values of n obtained from fitting Gamma
distributions to the measured PDF for each experiment
(each consisting of N ≥ 5000 droplets). For a Gamma
distribution SMD/⟨d⟩ = 1+2/n and the solid line in Fig.
4(c) shows this analytical prediction compared with the
experimental measurements. In all three flows, the addi-
tion of viscoelasticity decreases the value of n from that
observed in the same flow for a Newtonian fluid. Even for
weakly elastic polymer solutions with relaxation times as
low as 60µs, the size distributions universally approach
n = 4 in each flow.
Our results indicate that this viscoelastic broadening
mechanism is driven by the local dynamics of the strong
extensional flow in the filament necks. Although vis-
coelasticity monotonically increases the average droplet
size ⟨d⟩ in ligament-mediated fragmentation phenomena
[26], the distribution of sizes about the mean value are
uniquely determined by a broad Gamma distribution
with n = 4. This geometrical limit is triggered by the
enhanced elongational viscosity experienced during the
capillary pinch off process (provided that the concentra-
tion of the microstructure is above the ‘infinite dilution
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limit’ [47]) and results in highly corrugated ligaments.
The final size distribution is constrained entirely due to
geometry and conservation of volume. Recognizing and
understanding this bound is essential in guiding the de-
sign of many processes that involve breakup and fragmen-
tation of complex liquids such as emulsification, spray
painting and even biological processes such as pathogen
transfer resulting from violent expiration [48].
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