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Polymer gels behave as soft viscoelastic solids
and exhibit a generic nonlinear mechanical re-
sponse characterized by pronounced stiffening
prior to irreversible failure, most often through
macroscopic fractures. Here, we describe this
scenario for a model protein gel using an inte-
gral constitutive equation built upon the linear
and the nonlinear viscoelastic properties of the
gel. We show that this formalism predicts quan-
titatively the gel mechanical response in shear
start-up experiments, up to the onset of macro-
scopic failure. Moreover, we couple the com-
puted stress response with Bailey’s durability
criterion for brittle solids in order to predict
the critical values of the stress �c and strain
�c at failure. The excellent agreement between
theory and experiments suggests that failure in
this soft viscoelastic gel is a Markovian process,
and that Bailey’s failure criterion extends be-
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yond hard materials such as metals, glasses, or
minerals.

Many biopolymeric gels, foods, and
supramolecular networks1–3 share common
features with hard materials, including de-
layed failure,4–7 crack propagation8,9 or work-
hardening,10 while their porous microstructure
also confers upon them remarkable nonlinear
viscoelastic properties.11–15 Polymer gels may
endure large strains to failure and dissipate
substantial mechanical work enabling the de-
sign of tough hydrogels.16–19 However, to date
no quantitative link has been made between
the nonlinear viscoelasticity of polymer gels
and the ensuing failure dynamics.

We apply the concept of a strain damping
function, traditionally used for polymeric liq-
uids and rubber-like materials20 and more re-
cently applied to double network gels,21 to
quantify the nonlinear viscoelastic response of a
prototypical protein gel. The form of the damp-
ing function is determined through stress relax-
ation tests on freshly prepared gels that allow
us to probe large deformations while injecting
very little energy into the gel. The damping
function is used to construct a time-strain sep-
arable constitutive equation of K-BKZ (Kaye–
Bernstein-Kearsley-Zapas) form22,23 that pre-
dicts the gel mechanical response to arbitrary
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Figure 1: Relaxation modulus G(�0, t) vs time

t determined by step strain tests for the 4% wt.

casein gel. Colors from yellow to black represent

strain values ranging from �0 = 0.002 to �0 = 5.

The black line is the best power-law fit for �0 

0.01. Inset: exponent ↵ extracted from power-law

fits to the data.

loading histories. This approach captures the
strain-stiffening of the gel during start up of
steady shear tests up to the appearance of a
stress maximum that is accompanied by the
onset of the first macroscopic crack. In or-
der to link the nonlinear viscoelastic response
of the gel to its subsequent brittle-like rupture,
we adopt the Bailey criterion, which describes
the failure as arising from accumulation of ir-
reversible damage.24,25 The combination of the
stress response predicted by the K-BKZ con-
stitutive formulation with the Bailey criterion
allows us to predict the scaling of the critical
stress and strain at failure with the applied
shear rate.
We consider two acid-induced protein gels
with substantially different mechanical prop-
erties: the first one shows pronounced strain-
hardening, while the second does not. They are
prepared by dissolving caseinate powder (Fir-
menich) at 4% wt. (resp. 8% wt.) in deion-
ized water. Homogeneous gelation is induced
by dissolving 1% wt. (resp. 8% wt.) glucono-
�-lactone (GDL, Firmenich) in the protein so-
lution.26,27

To characterize the 4% wt. casein gel, we first
perform a series of step strain tests (with strain
amplitude 10�3

 �0  5).28 The stress relax-
ation functions G(�0, t) = �(t)/�0 associated
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Figure 2: Strain damping function h(�0) of a 4%

wt. casein gel (same color code as in Fig. 1). The

solid black line is the best fit function proposed in

35

which captures the stiffening behavior, but does not

account for the softening part of the gel response

at strains larger than �0 ' 0.5. The red continuous

line is the best fit function h̃(�) describing the data

(see text). Inset: same data plotted on semiloga-

rithmic scale.

with each step of strain are reported in Fig. 1
over periods of 4000 s. At low applied strains
(�0 . 0.01), the magnitude of the viscoelas-
tic stress �(t) scales linearly with the imposed
strain and the relaxation modulus exhibits a re-
markable power-law decrease over four decades
of time, which is well modeled by a spring-pot
(or fractional viscoelastic element),29,30 G(t) =
Vt�↵/�(1�↵), where V and ↵ are the only two
material properties required to characterize the
gel, and � denotes the Gamma function. By fit-
ting the data for �0  0.01 we find an exponent
↵ = 0.18 ± 0.01 and a prefactor or “quasiprop-
erty” V = (266±5) Pa.s↵.29,31 At larger applied
strains �0 & 0.01, the stress relaxation still ex-
hibits a power-law decrease in time, with the
same exponent ↵ after t & 0.1 s but the magni-
tude of the stress at any given time first stiffens
and then softens as �0 is increased.

Since ↵ is insensitive to the strain amplitude,
we use the concept of strain-time separability32

to quantify the strain dependence of the stress
relaxation response by computing the damping

function,20 defined as h(�0) = hG(�0, t)/G(t)it
where h...it denotes the time average for 1  t 

1000 s for each of the step-strain experiments.
The resulting damping function in Fig. 2 thus
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Figure 3: (a) Stress response � vs time t (lower axis) and vs strain � = �̇0t (upper axis) of a 4% wt. casein

gel to a constant shear rate �̇0 = 10�3
s

�1
initiated at t = 0. The gray dashed line corresponds to the linear

viscoelastic response [Eq. (2)]. The black line corresponds to the K-BKZ equation constructed using only

the strain-hardening part of the damping function, h⇤(�0) (solid black line in Fig. 2). The continuous red

line corresponds to the K-BKZ equation, which includes both the hardening and the softening components

of the damping function. Lower inset: same data on semilogarithmic scales. Upper inset: sketch and images

of the side view of Couette cell at different strains recorded simultaneously to the experiment reported in

the main graph. (b) Same as (a) for �̇0 ranging from 10�3
s

�1
to 0.6 s

�1
. Dashed lines indicate the linear

response [Eq. (2)], and the continuous lines correspond to the K-BKZ predictions using h̃ [Eq. (3)]. (c)

Normalized stress responses vs strain � for all constant shear rate experiments.

fully characterizes the strain dependence. The
gel displays a linear response (i.e. h = 1) up to
�0 = 0.1, whereas for intermediate strain am-
plitudes, the gel exhibits a pronounced strain-
stiffening, that is characterized by a maximum
value h ' 2.2 reached at � = 0.5. Finally, for
even larger strains, the material softens
and h decreases abruptly. Its behavior
is reasonably well fitted by a power-law
function of the imposed strain with an
exponent �3. We emphasize here that for all
step strain tests, the gel remains visually intact
even at strain amplitudes as large as �0 ' 5.33

It has been shown34,35 that the strain harden-
ing portion of the damping function can be cap-
tured in a power series expansion h?(�0),36 with
the fractal dimension db of the stress-bearing
network backbone as the only fitting parame-
ter. Here we find db = 1.3 ± 0.1 in good agree-
ment with other measurements for polymer gels
(see black line in Fig. 2).37 To capture both
the hardening and the subsequent softening be-
havior, we use the following functional form

h̃(�0) = [1 + (�0/�m)2]/[1 + |�0/�M |

5], where
�m = 0.34 and �M = 0.57 are fitting parame-
ters that respectively mark the departure from
linearity and the location of the strain maxi-
mum shown in Fig. 2. This functional form
serves as a useful fitting function which
we now show can be used to predict the
viscoelastic stress growth in start up of
steady shear and the magnitude of the
stress at failure without any adjustable
parameter.
In Fig. 3(a), we show the evolution of stress
and onset of cracking when a 4% wt. ca-
sein gel is submitted to a constant shear rate
�̇0 =10�3 s�1. The stress growth �(t) can be
separated into three consecutive regimes: a lin-
ear viscoelastic regime, characterized by power-
law growth of �(t) up to � = �̇0t ' 0.2, followed
by a strain-stiffening regime in which � shows a
steeper increase up to a critical strain �c ' 0.8
at which point the stress goes through a max-
imum stress denoted �c. Finally, the stress ex-
hibits an abrupt decrease. The gel remains vi-
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sually intact and homogeneous initially, and the
first macroscopic fracture appears at the stress
maximum when � ' �c and � ' �c (see Movie 1
in the SI). We predict the viscoelastic stress re-
sponse using a K-BKZ formulation:22,38–40

�(t) =

Z t

�1
G(t � t0)h(�)�̇(t0)dt0 (1)

The initial regime in Fig. 3 is fully accounted for
by the linear viscoelastic response G(t). Since
h(�) = 1 in this regime the stress can be found
analytically:41,42

�(t) =

Z t

0

G(t � t0)�̇0dt
0 =

V�̇0t1�↵

(1 � ↵)�(1 � ↵)
.

(2)
Equation (2) nicely describes the experimental
data for � . 0.2 without any additional fit-
ting parameter [see dashed gray line in Fig. 3(a)
and (c)]. To predict the nonlinear behavior, we
substitute the power-law form of the relaxation
modulus G(t) into Eq. (1)20,40,43 and rearrange
to give:

�(t) =
V�̇↵

0

�(1 � ↵)

Z �̇0t

0

h(�)��↵d� (3)

where � = �̇0t is the total accumulated strain at
time t. To capture the strain-stiffening we sub-
stitute the strain hardening form of the damp-
ing function h⇤(�), into Eq. (3) to obtain the
prediction shown by the solid black line in
Fig. 3(a) and (c). This captures the nonlinear
response at moderate strains, but leads to an
ever-increasing rate of stress growth. The soft-
ening part of the damping function is crucial to
account for the stress evolution observed exper-
imentally during shear start-up. Substituting h̃
in Eq. (3) and integrating numerically we obtain
the red line in Fig. 3(a) and (c) which accurately
predicts the mechanical response of the protein
gel, including the numerical magnitude of
the stress maximum, without any adjustable
parameter. The initial stiffening behavior
is described by the numerator of h̃, while
the denominator is responsible for the
subsequent plateauing of the predicted
stress response. The ultimate decrease of
the stress observed experimentally in Fig. 3(a)
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Figure 4: Critical stress �c (a) and critical strain

�c (b) vs. applied shear rate for both a 4% (�)

and a 8% (⇤) casein gel. The dashed and contin-

uous lines show the prediction resulting from the

combination of the Bailey criterion and the stress

response computed either from just the linear re-

sponse (dashed lines) or the full K-BKZ equation

using h⇤
(solid lines).

must be associated with the growth of macro-
scopic fractures that cannot be accounted for
by the K-BKZ formulation in Eq. (1), which
assumes a homogeneous strain field. Re-
peating shear start-up experiments for various
�̇0 confirms that Eq. (3) quantitatively predicts
the gel response over almost three decades of
shear rate [Fig. 3(b)]. The universal nature of
the response is evident by the rescaling of the
experimental data onto a single master curve
[Fig. 3(c) and see corresponding Fig. S2(a) in
the SI for the 8% wt. gel].

In Fig. 4 we show the locus of the stress max-
imum (�c, �c) for different imposed shear rates,
for both the 4% wt. and 8% wt. casein gels.
The critical stress �c increases as a weak power
law of �̇0 with an exponent ⇠ = 0.18 ± 0.01 for
the 4% wt. casein gel and ⇠ = 0.13 ± 0.01 for
the 8% wt. gel respectively [Fig. 4(a)]. By con-
trast, the critical strain �c displays a power-law
increase with �̇0 for the 8% casein gel, whereas
the 4% casein gel shows a yield strain that is
rate independent [Fig. 4(b)].

To account quantitatively for the different
scalings with �̇0 of the critical crack parameters
�c and �c, we apply the failure criterion intro-
duced by J. Bailey, which successfully describes
the rupture of much stiffer samples such as
glasses44 and elastomeric-like materials.45 This
criterion assumes that the failure process
is Markovian, i.e. the failure of the mate-
rial results from the accumulation of local
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failure events that are independent.25 This
appears to be the case for the brittle-like failure
scenario of casein gels that are well modeled by
Fiber Bundle Models,6,46,47 which themselves
verify such assumptions. The Bailey crite-
rion reads

R ⌧f
0 dt/F [�(t)] = 1, where ⌧f denotes

the sample lifespan under an arbitrarily given
active loading process �(t), and F (�0) is the de-
pendence of the time to rupture for creep exper-
iments under constant imposed stress �0.24 In-
dependent creep tests have been performed on
the same casein gels6 and indicate that F (�0) =
A���

0 where A = (7.6 ± 0.1) ⇥ 1013 s.Pa� and
� = 5.5 ± 0.1 for the 4% wt. gel6 and A =
(5.0±0.1)⇥1018 s.Pa� and � = 6.4±0.1 for the
8% wt. gel [see Fig. 3 in the SI]. We have also
independently determined the functional
form of the rheological response to an
arbitrary loading history [Eq. (2) and
(3)]. When combined with Eq. (3) com-
puted with h = 1, the Bailey criterion leads to
the following expressions for the critical strain
and stress:

�c(�̇0) = S� �̇
(1�↵�)/[1+(1�↵)�]
0 (4)

�c(�̇0) = S��̇
1/[1+(1�↵)�]
0 (5)

where the prefactors S� and S� are ana-
lytic functions of ↵, V and �.48 Whether the
critical stress and strain are constant or in-
crease/decrease with �̇0 thus depends on both
the parameters in the linear viscoelastic kernel
G(t) and on the form of the failure law F (�0).
For example, in the 8% wt. casein gel (for which
↵ = 0.04± 0.01 and � = 6.4± 0.1) we find that
the critical strain increases with �̇0 since the ex-
ponent in Eq. (4) is (1 � ↵�)/ [1 + (1 � ↵)�] '

0.10 ± 0.01. For both the 4% wt. and 8%
wt. gels, the agreement between the theoret-
ical scaling (dashed lines in Fig. 4) and experi-
ments for �c and �c is excellent, again without
any adjustable parameter. However, the pref-
actor S� is clearly overestimated for the 4% wt.
casein gels (dashed line in Fig. 4). Indeed, 4%
wt. casein gels display a pronounced stiffen-
ing responsible for the early rupture of the gel,
which is not captured by the linear viscoelastic
formulation Eq. (2). However, when combined

with the Bailey criterion,direct numerical in-
tegration of Eq. (3) computed with h⇤, ac-
counting for strain-stiffening, yields the correct
value of the prefactor for both 4% and 8% ca-
sein gels (solid lines in Fig. 4).
We have shown using soft viscoelastic casein
gels that combining (i) the K-BKZ formal-
ism and (ii) Bailey’s failure criterion estab-
lishes a self-consistent framework to capture the
linear and non-linear response of viscoelastic
protein gels under shear, up to the materi-
als’ yield point. This approach also pre-
dicts the scaling of both the critical stress
and critical strain at failure in shearing
flows. Other geometries (e.g. three-
point bending) and other kinematics (e.g.
extensional flows) remain to be tested.
Nonetheless, the present results thus ex-
tend the validity of Bailey’s criterion to
soft viscoelastic gels, further reinforcing
the emerging analogies between soft and
hard materials.49
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